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We theoretically study the magneto-optical transport properties of monolayer molybdenum disulfide (MoS2)
on polar substrates in the presence of a perpendicular magnetic field. The magneto-optical absorption coefficient
(MOAC) is investigated as a function of the incident photon energy when carriers are scattered by three different
types of phonons: the intrinsic MoS2 acoustic, optical phonons, and the surface optical (SO) phonons induced
by polar substrates. Among the substrates considered, the largest magnitude of MOAC and full-width at half
maximum (FWHM) are observed for a SiO2 substrate over the entire temperature and magnetic field range
considered due to its strongest electron-SO phonon scattering, while an h-BN substrate displays the lowest one.
The piezoelectric (PE) coupling to the transverse (TA) phonon is shown to dominate the MOAC and FWHM due
to intrinsic acoustic phonon scattering. Meanwhile, these properties for intrinsic optical phonons are dominated
by zero-order deformation potential (DP) couplings and the Fröhlich interaction. The dependence of the MOAC
and FWHM on temperature, magnetic field, and the effective MoS2-substrate distance is also examined. The
present results for monolayer MoS2 are compared with those in conventional two-dimensional systems as well as
in graphene. Our results show that SO phonons play a crucial role at high temperature depending on the substrates
and have a non-negligible effect on the magneto-optical transport properties of monolayer MoS2, which could
be further experimentally and theoretically investigated in the future.
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I. INTRODUCTION

In parallel with the rise of graphene and the discovery of
its outstanding electronic properties as well as the use of this
material in applications [1–3], the focus has been shifting to the
other two-dimensional (2D) transition-metal dichalcogenides
with promising electronic properties and potential applications
[4–6]. The reason for this trend originates from the zero
band gap of graphene, a property essential for electronic
applications [7,8]. Although having the honeycomb structure
of graphene, molybdenum disulfide (MoS2) is a direct-gap
semiconductor with a strong spin-orbit coupling (SOC), a
large natural band gap, and massive Dirac fermions [9–12].
It has been demonstrated that monolayer MoS2 has a large
carrier mobility [13], high thermal stability, good compatibility
with standard semiconductor manufacturing [5], and high
current carrying capacity [14]. These properties make MoS2 a
promising alternative to graphene and have made it a candidate
for a wide range of applications such as field-effect transistors
[5,15], valleytronics devices [6,16–18], spintronic devices
[19], and photonics [20].

Monolayer MoS2 is composed of a single layer of molybde-
num (Mo) atoms interleaved between two layers of sulfur (S)
atoms in a trigonal prismatic structure [6,21]. Its electronic
and band structure can be obtained from the k · p theory
framework [9], the continuum theory [22], or from the more
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complicated multiband k · p model [23]. MoS2 has been
demonstrated to be very sensitive to external conditions, such
as electric field [24] and strain engineering [25,26], leading
to a crossover from an indirect-band-gap semiconductor at
multilayer to a direct-band-gap semiconductor at monolayer
[9]. For its interesting and important electronic and optical
properties, MoS2 has been investigated intensively in recent
years. Having calculated the longitudinal and spin-valley Hall
optical conductivity in monolayer MoS2, Li and Carbotte [27]
observed the optical peaks due to the interband transitions
from the valence to the conduction bands located in the visible
range. He et al. [28] investigated the magnetic properties of
nonmetal atoms absorbed monolayer MoS2 by first-principles
calculations. The spin- and valley-dependent magneto-optical
properties [29], the quantum magnetotransport [8,12,30], the
spin- and valley-polarized transport [31], and the effect of
doping and strain modulations on electron transport [32], as
well as the thermal conductivity and phonon linewidths [33]
have been investigated in this interesting system.

Besides leading to the renormalization in band gap and
introducing the extra peaks in the magneto-optical conduc-
tivity [34–36], the electron-phonon interaction plays also a
salient role in the investigation into transport properties of
monolayer MoS2 such as: phonon limited mobility [7,37],
hot-electron cooling [38], free-carrier optical absorption [39],
thermoelectric transport coefficients [40], electrical transport
properties [41], and magneto-optical transitions [42]. Recently,
using a density-functional-based approach, Kaasbjerg et al. [7]
have calculated the electron-phonon couplings in monolayer
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MoS2 for acoustic and optical deformation potentials as well as
the Fröhlich interaction. They have studied the phonon-limited
mobility for both transverse acoustic (TA) and longitudinal
acoustic (LA) modes. In the case of optical phonon scattering,
they have dealt with both couplings to zero and first order
in q corresponding to the interaction with the homopolar
mode (HP) and the polar transverse optical (TO) phonon,
respectively. Meanwhile the Fröhlich interaction corresponds
to the polar longitudinal optical (LO) phonon. Besides, the
influence of the substrates on the monolayer material plays
a crucial role in determining the basic properties of the
monolayer MoS2/substrates heterostructure [43]. The strong
coupling between the carriers of monolayer materials and
the remote optical-phonon modes resulting from the polar
substrates lead to extended surface-optical (SO) phonon
scattering [42]. Therefore, the carrier-SO phonon scattering
in graphene [15,44,45] and black phosphorus [46] on polar
substrates have been reported with the optimal distances d

between materials and substrates of 0.35 nm [44], from 0.2
to 0.8 nm [15], or even up to 1 nm [45,46]. However, carrier-
phonon scattering, especially carrier-SO phonon scattering, in
MoS2 on polar substrates has not been studied very much so
far.

Magneto-optics are known to be the most important
tools to measure band structure of metals and semicon-
ductors experimentally [47]. The magneto-optical properties
of graphene [44], of topological insulators [48,49], WSe2

[50], and of Weyl semimetals [51] have been investigated.
These useful properties have also been studied in other
monolayer materials such as silicene [52,53], phosphorene
[54,55], and WSe2 [56] using the Kubo formula. We realize
that though many efforts have been made to investigate the
magneto-optical properties of MoS2 [8,29,57], a detailed
investigation of the effect of different types of phonons as
well as the effect of the two-photon absorption process on the
magneto-optical transport properties of monolayer MoS2 on
polar substrates has not received enough attention. Therefore,
studying the magneto-optical transport properties is timely
and expected to increase our understanding of this interesting
material.

In this work, we study the magneto-optical transport proper-
ties of monolayer MoS2 on polar substrates in a perpendicular
magnetic field via evaluating MOAC and FWHM. The results
are calculated in a large range of temperatures and magnetic
fields including the effect of different types of phonons as
well as the effect of the two-photon absorption process. In
Sec. II we present the basics of the model. In Sec. III we show
magneto-optical absorption coefficients. The numerical results
and discussion are described in Sec. IV. Finally, we show our
summary and conclusions in Sec. V.

II. BASIC FORMULATION

In the presence of a uniform static perpendicular magnetic
field B = (0,0,B) applied along the z direction, the Hamilto-
nian of monolayer MoS2 without Zeeman terms can be written
as

H = He + Hph + Hint. (1)

Here the electronic single-particle Hamiltonian is defined as
follows [8,9,58]:

He = at(τkxσx + kyσy) + (�̄ − sτ λ̄)σz + sτ λ̄, (2)

where a is the lattice constant, t is the hopping integral, �̄ =
�/2, λ̄ = λ/2 with � and λ being, respectively, the energy gap
and SOC parameter, the valley index τ = ±1 refers to K and
K ′ valleys, the spin index s = ±1 stands for spin up and down,
k = (kx,ky) is the momentum of the carrier, and σi (i = x,y,z)
are the Pauli matrices for the two basic functions. Note that
the Zeeman effects are also important [12,50]. However, the
main purpose of this work is to study the magneto-optical
transport properties of monolayer MoS2 due to the effect of
different types of phonons as well as the effect of the two-
photon absorption process. Therefore, we neglect the Zeeman
effects in the present study. The energy spectrum Eα in the
electronic states |α〉 = |n,s,η,τ 〉 is given as follows [8]:

Eα = Ensητ = sτ λ̄ + η

√
�̄2

sτ + n(h̄ωc)2 (3)

for n � 1, with n being an integer denoting the Landau level
(LL) index, �̄sτ = �̄ − sτ λ̄, the band index η = ±1 is for
the conduction and valence bands, and h̄ωc = at

√
2/ac is

the cyclotron energy with ac = (h̄/eB)1/2 being the magnetic
length. For n = 0, the eigenvalue is

E0sτ = −τ (�̄ − sλ̄) + sλ̄. (4)

Noting that h̄ωc � �̄sτ and expanding the square root in
Eq. (3), we obtain a simpler expression for the eigenvalues

Ensητ ≈ (1 − η)sτ λ̄ + η�̄ + nη
h̄2ω2

c

2�̄sτ

, (5)

which shows a regularly linear dependence of the LLs
on n and B. Since �̄ � sτ λ̄ the last term in Eq. (5) is
equal to nη(h̄2ω2

c/2�̄)(1 + sτ λ̄/�̄) giving a spin splitting
E(s=1) − E(s=−1) = nτ λ̄(h̄ωc/�̄)2 in the conduction band and
4τ λ̄ − nτ λ̄(h̄ωc/�̄)2 in the valence band. Because h̄ωc � �̄,
the term nτ λ̄(h̄ωc/�̄)2 is important in the conduction band but
negligible in the valence band.

The eigenfunctions for the K valley (τ = +1) are

	η,+1
n,s (r,ky) = eikyy√

L
η,+1
n,s

(



η,+1
n,s φn−1(x − x0)

φn(x − x0)

)
. (6)

Here φn(x − x0) represents the harmonic oscillator eigenfunc-
tion, centered at x0 = a2

c ky . The factor L
η,τ
n,s is

Lη,τ
n,s = (


η,τ
n,s

)2 + 1, (7)

with 

η,τ
n,s = √

nh̄ωc[(1 − ητ )�̄sτ − nητ h̄2ω2
c/2�̄sτ ]−1. The

eigenfunctions for the K ′ valley (τ = −1) are obtained from
Eq. (6) by exchanging φn(x − x0) and φn−1(x − x0).

The second term of Eq. (1) is the phononic Hamiltonian
including different phonon branches (labeled as ν). These
phonons are characterized by their dispersion ωq,ν and mo-
mentum q, and their corresponding Hamiltonian

Hph =
∑
q,ν

h̄ωq,νb
†
q,νbq,ν , (8)
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FIG. 1. Energy spectrum of monolayer MoS2 as a function of
magnetic field B. The top (a) and bottom (b) panels correspond to the
conduction and valence bands, respectively.

where b
†
q,ν and bq,ν are the creation and annihilation operators

of a phonon, respectively. The last term in Eq. (1) is the carrier-
phonon interaction part of the Hamiltonian, given by [8]

Hint =
∑
q,ν

∑
α,α′

gq,νJα,α′ (q)eiq·ra†
αaα′φq,ν, (9)

where gq,ν is the carrier-phonon coupling matrix element,
which depends on the phonon branch as well as on the coupling
mechanism. φq,ν = (b†−q,ν + bq,ν) is the phonon field operator.
The form factor for the intravalley case (τ ′ = τ ) is given as
follows:

|Jα,α′ (q)|2 = δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

uje−u m!

(m + j )!

×
[

η,τ

n,s 

η′,τ
n′,s ′

√
m + j

m
L

j

m−1(u) + Lj
m(u)

]2

,

(10)

where u = a2
c q

2/2,m = min(n,n′), j = |n′ − n|, and L
j
m(u)

are the associated Laguerre polynomials.
In Fig. 1 we present the eigenvalues given by Eqs. (4) and

(5) as functions of the magnetic field B. The top and bottom
panels are for the conduction and valence bands, respectively.
The blue lines are for the zero level (n = 0). It can be noted
that the zero level for the K valley is in the valence band and
depends on the spin index. Meanwhile for the K ′ valley, it lies
in the conduction band and does not depend on the spin index.
This can be observed from Eq. (4): for the K ′ valley (τ = −1)
Eq. (4) reduces to E0s−1 = �̄, which is independent from the
s index. Moreover, in contrast to graphene [59,60] or silicene
[52] where the energies of the LLs depend on

√
B, here the

energies of the LLs in MoS2 increases linearly with B. This can
be explicitly observed from Eq. (5). In the conduction band, the
spin splitting is equal to nτ λ̄(h̄ωc/�̄)2 which depends linearly
on the LL index n and magnetic field B. Meanwhile, the spin
splitting is 4τ λ̄ − nτ λ̄(h̄ωc/�̄)2 in the valence band, with a
value |4τ λ̄| = 150 meV at B = 0, in complete agreement with
previous works [9,12]. As can be seen from Fig. 1, the energies

of the spin up (down) LLs at the K and K ′ valleys are opposite.
This feature is in contrast to the previous work [12] where the
Zeeman effect is included, but agrees with the zero magnetic
field limit which results from time-reversal symmetry [9].

To obtain the optical absorption intensity in the presence
of the magnetic field, we calculate the magneto-optical
absorption coefficient (MOAC). When an electromagnetic
field with energy h̄� is applied to the system, the MOAC
due to photon absorption with simultaneous absorption and
emission of a phonon of the ν branch is given as [61]

Kν(�) = 1

V (I/h̄�)

∑
α,α′

W±,ν
α,α′fα(1 − fα′ ), (11)

where V is the volume of the system, and I/h̄� is the injected
number of photons per unit area per second with the optical
intensity I = nrcε0�

2A2
0/2. Here nr is the refractive index of

the material, c is the speed of light in free space, ε0 is the
permittivity of vacuum, and A0 is the amplitude of the vector
potential for the electromagnetic field. In Eq. (11), fα and fα′

are the carrier distribution functions in the initial and final
states, which should be obtained with Fermi-Dirac statistics
because of the high density of states in the K and K ′ valleys
of the conduction band in monolayer MoS2 [7]. The sums
run over all quantum numbers of the states |α〉 ≡ |n,s,η,τ 〉
and |α′〉 ≡ |n′,s ′,η′,τ ′〉 provided α′ �= α. The transition matrix
element per unit area for carrier-photon-phonon interaction
of the 2D carrier [45,62], including the �-photon absorption
process [63,64], is given by Born’s second-order golden
rule [65] and takes into account the properties of the MoS2

eigenfunctions

W±,ν
α,α′ = 2π

h̄

∑
q

∞∑
�=1

(∣∣M±,ν
α,α′

∣∣2∣∣Mrad
α,α′

∣∣2
/h̄2�2

)

× (α0q)2�

(�!)222�
δ(Eα′ − Eα − �h̄� ± h̄ωq,ν), (12)

where the upper (+) and lower (−) signs refer to the emission
and absorption processes of phonons, respectively, and α0 is
the dressing parameter. The carrier-phonon matrix element
M±,ν

α,α, is given by

∣∣M±,ν
α,α′

∣∣2 = |gq,ν |2 cos2

(
θ

2

)
|Jα,α′ (q)|2N±

q,ν , (13)

where N±
q,ν = Nq,ν + 1/2 ± 1/2 for the Bose factor Nq,ν

which presents the number of (q,ν) phonons, and θ is the
scattering angle. The steady-state matrix element for carrier-
photon interaction is [61]

∣∣Mrad
α,α′

∣∣2 = �2A2
0

4
|e · eBαα′ |2, (14)

where e is the polarized vector of the electromagnetic field,
and eBαα′ = e〈α′|r|α〉 is the dipole moment with e being the
absolute value of the electron charge.

III. MAGNETO-OPTICAL ABSORPTION COEFFICIENTS

By means of the eigenfunctions in Eq. (6), and assuming
the electromagnetic field to be linearly polarized transverse to
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the magnetic field, the steady-state matrix element for carrier-
photon interaction in Eq. (14) is calculated as follows for the
intravalley case:

Mrad
α,α′ = e�A0

2
Bαα′ , (15)

where the matrix element of the position operator is

Bαα′ = (



η,±1
n+1,s


η′,±1
n′+1,s ′ + 1

)
[x0δn′,n + (ac/

√
2)

× (
√

nδn′,n−1 + √
n + 1δn′,n+1)]δk′

y ,ky
. (16)

From Eq. (16), we find that the transitions in monolayer MoS2

occur when the LL index changes as �n = 0,±1, similar with
that of dipole type transitions reported in graphene [59,60],
silicene [52], topological insulators [48,66], and phosphorene
[55], but different from black phosphorus thin films [47].

The transition matrix element in Eq. (12) contains a
contribution of the �-photon process; however, in this work, we
only restrict ourselves to considering the two-photon process,
i.e., � = 1,2. In this case, the MOAC is found to be

Kν(�) = D(ωc,�)
∑
α,α′

|Bαα′ |2fα(1 − fα′ )
∫ ∞

0
dqq3|gq,ν |2

× |Jα,α′ (q)|2
{
N−

q,νδ(X−
1 ) + N+

q,νδ(X+
1 )

+ α2
0q

2

16
[N−

q,νδ(X−
2 ) + N+

q,νδ(X+
2 )]

}
, (17)

where we have denoted

D(ωc,�) = gsgvAe2α2
0

64πnrcε0h̄
2�a2

c

, (18)

X±
� = Eα′ − Eα − �h̄� ± h̄ωq,ν (� = 1,2). (19)

In Eq. (18), gv = 2 and gs = 2 are the valley and spin
degeneracies, respectively, A is the area of the sample. The
expression for MOAC shown in Eq. (17) can be evaluated for
various kinds of carrier-phonon interactions.

When MoS2 is situated on a substrate, carriers couple with
three different types of phonons: intrinsic MoS2 acoustic and
optical phonons [7,37–39], and SO phonons induced by polar
substrates [42,67]. In the following, the analytic expressions
for MOAC are determined when the carriers are assumed to
interact with these three different types of phonons.

A. Intrinsic acoustic phonons

For intrinsic MoS2 acoustic (AP) and optical (OP) phonons,
the carrier-phonon coupling matrix element is given by [39]

∣∣gλ
q,ν

∣∣2 = h̄

2Aρωλ
q,ν

|Mq,λ|2, (20)

where ρ is the mass density and Mq,λ is the matrix element
depending on the phonon mode index λ (λ = LA, TA, LO, and
TO) and the coupling mechanisms.

We consider acoustic phonons (ν = AP) with linear disper-
sion ωq,λ = vsλq, where vsλ is the velocity of the λth mode
acoustic phonon with λ = LA and TA. Due to the lack of
inversion symmetry in the hexagonal lattice of monolayer
MoS2, the coupling to the in-plane LA and TA phonons

has contributions from both deformation potential (DP) and
piezoelectric (PE) coupling mechanisms [37]. The matrix
element for the DP coupling is given by

MDP
q,λ = �λq, (21)

where �λ is the effective deformation potential coupling
constant. For the PE interaction, the matrix element is given
by [37]

MPE
q,λ = ee11

ε0
q erfc

(qσ

2

)
|Aλ(q)|, (22)

where e11 is the piezoelectric constant, erfc(x) is the com-
plementary error function, σ is the effective width of the
electronic wave functions, and Aλ(q) is an anisotropy factor. In
the long-wavelength limit, where erfc(qσ/2) ∼ 1 [38,39] and
Aλ(q) = 1/

√
2 [37], the matrix element for the piezoelectric

interaction goes as

MPE
q,λ ≈ ee11

ε0

√
2

q. (23)

Hence, the matrix element for acoustic phonon interaction
in Eqs. (21) and (23) can be reduced as

M
μ
q,λ = D

μ
λ q, μ = DP, PE, (24)

where D
μ
λ = �λ for μ = DP and D

μ
λ = ee11/(ε0

√
2) for

μ = PE. Thus, in the long-wavelength limit, the deformation
potential and piezoelectric interactions of a 2D material depend
on q in the same way.

For quasielastic scattering on an acoustic phonon, since
the energy of the acoustic phonon is much smaller than the
separation energy, i.e., h̄ωq,λ � Eα′ − Eα , therefore h̄ωq,λ

can be neglected in the delta functions in Eq. (17). In this
case, the approximation Nq,λ + 1 ≈ Nq,λ = kBT/h̄ωq,λ could
be made for the acoustic phonon distribution. Inserting Eq. (24)
into Eq. (20) then into Eq. (17), the MOAC for quasielastic
scattering on acoustic phonons is found to be

K
μ
λ (�) = D(ωc,�)

4kBT
(
D

μ
λ

)2

Aρv2
sλa

4
c

∑
α,α′

|Bαα′ |2fα(1 − fα′ )

× δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

[
F (1)

α,α′δ(X1) + F (2)
α,α′δ(X2)

]
. (25)

Here

F (1)
α,α′ = 2m + j − 
η,τ

n,s 

η′,τ
n′,s ′

√
m(m + j ), (26)

F (2)
α,α′ = α2

0

8a2
c

[
2 + 6m2 + j (j + 6m)

− 2
η,τ
n,s 


η′,τ
n′,s ′ (2m + j )

√
m(m + j )

]
, (27)

and the argument of the delta functions

X� = Eα′ − Eα − �h̄�. (28)

Following the LL-broadening model [68,69], the delta
functions in Eq. (25) are replaced by the Lorentzians of the
widths γ

μ,λ

α,α′ , namely δ(x) = (γ μ,λ

α,α′/π )/[x2 + (γ μ,λ

α,α′ )2], with

(
γ

μ,λ

α,α′
)2 = kBT

(
D

μ
λ

)2

4πρv2
sλa

2
c

δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

. (29)
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In contrast to the previous work [8], where the spectral broad-
ening is independent the band indices, here the Lorentzian
widths vary with the initial and final states.

B. Intrinsic optical phonons

For optical phonon scattering (ν = OP), both the zero- and
first-order deformation potential interactions are considered.
Their respective matrix elements are given by [38]

Mq,λ = D0
λ and Mq,λ = D1

λq. (30)

Meanwhile, the coupling matrix element with 2D carriers
for the polar LO phonon can be given by the Fröhlich
interaction [7]

gLO(q) = gFrerfc(qσ/2), (31)

where gFr is the coupling constant and σ is the effective width
of the electronic Bloch states.

By means of the dispersionless optical phonons ωq,λ =
ωHP, the expression of the MOAC for inelastic scattering on
a homopolar optical phonon is given as follows for the zero-
order deformation potential interaction:

K0
HP(�) = D(ωc,�)

2h̄
(
D0

HP

)2

AρωHPa4
c

∑
α,α′

|Bαα′ |2fα(1 − fα′ )

× δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

NHP
{
F (1)

α,α′ [δ(Y−
1 ) + eh̄ωHP/kBT δ(Y+

1 )]

+F (2)
α,α′ [δ(Y−

2 ) + eh̄ωHP/kBT δ(Y+
2 )]

}
, (32)

where NHP is is the equilibrium distribution function for the
phonons ωHP given by the Bose-Einstein distribution function,
F (1)

α,α′ and F (2)
α,α′ are defined by Eqs. (26) and (27), and Y±

� is
given the same form as X±

� shown in Eq. (19) but with h̄ωq,ν

replaced by h̄ωHP. The delta functions in Eq. (32) imply the
energy conservation law, which shows the resonant behavior
at the phonon-assisted cyclotron resonance (PACR) condition
in MoS2 based on the following selection rule:

�h̄� = Eα′ − Eα ± h̄ωHP. (33)

The corresponding Lorentzian widths for HP optical phonon
scattering are given as follows:

(
γ

±,HP
α,α′

)2 = h̄
(
D0

HP

)2

4πρωHPa2
c

δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

N±
HP, (34)

which have the same form as those for acoustic phonon
scattering. The result for the first-order deformation potential
interaction can also be obtained in the same way (see the
Appendix). In the case of the polar LO phonon interaction,
the MOAC could not be computed analytically for the angular
part of the q and it must be calculated numerically.

C. Surface optical phonons

For monolayer MoS2 on substrates (Table I), just like
graphene [15,44,71,72], the surface optical phonons (ν =
SO) of the substrates interact with the carriers in MoS2

via an effective electric field [67,73,74]. Under the reason-
able assumption of a dispersionless surface optical phonon

TABLE I. Material parameters for monolayer MoS2 used for
numerical calculation.

Parameter Symbol Value

Lattice constant [9] a 3.193 Å
Effective electron mass [7] m∗ 0.84 me

Hopping integral [9] t 1.1 eV
Energy gap [9] � 1.66 eV
Spin splitting energy [9,70] λ 75 meV
Mass density [7] ρ 3.1×10−7 g/cm2

Transverse sound velocity [7] cTA 4.2×103 m/s
Longitudinal sound velocity [7] cLA 6.7×103 m/s
Acoustic DP [7]
TA �TA 1.6 eV
LA �LA 2.8 eV
Piezoelectric constant [37] e11 3.0×10−11 C/m
Optical DP [7]
Homopolar D0

HP 4.1×108 eV/cm
TO D1

TO 4.0 eV
Fröhlich interaction (LO) [7]
Coupling constant gFr 98 meV
Effective layer thickness σ 4.41 Å
Optical phonon energies [41]
TO h̄ωTO 48.6 meV
Homopolar h̄ωHP 50.9 meV
Polar LO h̄ωLO 48.0 meV

ωq,ν = ωλ
SO, with λ = 1,2 presenting the first and second

modes of the SO phonon [15], the MOAC can be treated
semianalytically. The coupling matrix element is given as
follows:

|gq,SO|2 = e2F2
λ

e−2qd

q
, (35)

where d is the equilibrium distance between the MoS2

sheet from the substrate, and the electron-phonon coupling
parameter is expressed as [75–77]

F2
λ = h̄ωλ

SO

2Aε0

(
1

χ∞ + 1
− 1

χ0 + 1

)
, (36)

where χ∞ and χ0 are the high- and low-frequency dielectric
constants of the substrate, respectively. These parameters as
well as the energies of the SO phonon for some of the common
substrates are displayed in Table II. For SO phonon scattering,

TABLE II. SO phonon modes for the substrates h-BN (taken from
Ref. [44]), HfO2, SiO2 (taken from Ref. [74]), SiC, AlN, and ZrO2

(taken from Ref. [15]).

h-BN HfO2 SiO2 SiC AlN ZrO2

χ0 5.09 22.0 3.90 9.7 9.14 24.0
χ∞ 4.10 5.03 2.40 6.5 4.8 4.0
h̄ω1

SO (meV) 101.7 21.6 58.9 116.00 83.60 25.02
h̄ω2

SO (meV) 195.7 54.2 156.4 167.58 104.96 70.80
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FIG. 2. Photon energy dependence of MOAC in monolayer
MoS2 due to electron-acoustic phonons interaction: (a) individual
piezoelectric scattering of the TA phonon; and different types of
acoustic phonons: (b) one-photon, spin down, (c) two-photon, spin
up, and (d) two-photon, spin up. The results are calculated at B = 10
T and T = 77 K.

the expression for the MOAC goes as

Kλ
SO(�) = D(ωc,�)e2F2

λ

√
2

a3
c

∑
α,α′

|Bαα′ |2fα(1 − fα′ )

× Nλ
SO

{
G(1)

α,α′
[
δ(Z−

1 ) + eh̄ωλ
SO/kBT δ(Z+

1 )
]

+ α2
0

8a2
c

G(2)
α,α′

[
δ(Z−

2 ) + eh̄ωλ
SO/kBT δ(Z+

2 )
]}

. (37)

Here we introduced the following dimensionless integral with
p = 1 and 2:

G(p)
α,α′ =

∫ ∞

0
up−1/2e−2d

√
2u/ac |Jα,α′ (u)|2du, (38)

which can be evaluated numerically, and Z±
� is given the same

form asX±
� shown in Eq. (19) but with h̄ωq,ν replaced by h̄ωλ

SO.
The corresponding Lorentzian widths are given as follows:

(
γ

±,SO,λ
α,α′

)2 = Ae2F2
λG

(0)
α,α′

4π
√

2ac

N
±,λ
SO , (39)

where G(0)
α,α′ is defined in Eq. (38) with p = 0.

IV. NUMERICAL RESULTS AND DISCUSSION

For the numerical calculation, we put the carrier density
ne = 1013 cm−2 [78] leading to the Fermi energy EF =
25 meV [37], which is located between the conduction and
valence bands. This means that the main transition arises from
n = 0 to n′ = 1 states. The other parameters for intrinsic
acoustic and optical phonons are shown in Table I and
α0 = 5 nm [45]. Since the K and K ′ valleys are symmetric
(see Fig. 1), we only consider τ = τ ′ = +1, and in the
following the indices τ and τ ′ will be ignored.

A. Intrinsic acoustic phonons

Figure 2(a) shows the MOAC in monolayer MoS2 as a
function of photon energy due to acoustic phonon scattering
by the PE coupling of a TA phonon. We can clearly see four
pronounced absorption peaks, which correspond to interband
transitions. Unlike in graphene [59] and other graphenelike
2D systems [48,52,66], the large band gap and strong SOC in
the MoS2 spectrum have main implications for the absorption
peaks seen in the MOAC. The large band gap is the cause
of the fact that the interband transition peaks occur in the
visible frequency range, agreeing with the previous work [12].
Meanwhile, the strong SOC results in the splitting of the LLs,
which is the cause of the separated energies of the spin up
and down states. In specific terms, the first and second peaks
are for the two-photon absorption process (� = 2), with spin
up and down, respectively, while the third and fourth peaks
correspond to the one-photon process (� = 1) with spin up
and down states, respectively. The peak values in the case of
two-photon absorption are about 50% of those in the case
of one photon. This implies that the two-photon process
has a significant contribution to the total and cannot be
neglected when investigating the optical transport properties
of monolayer MoS2. We also note that the MOAC due to both
one and two-photon absorption processes for the spin up state
is always higher than those for the spin down one.

To investigate the interaction between electrons and differ-
ent kinds of acoustic phonons, in Figs. 2(b), 2(c), and 2(d) we
show the MOAC as a function of photon energy for both DP
and PE coupling as well as for both spin up [Figs. 2(c) and
2(d)] and down [Fig. 2(b)] states at B = 10 T and T = 77 K.
Although we only focus on the one-photon absorption process
[see Figs. 2(b) and 2(d)], the results could be also validated
for the two-photon case [see Fig. 2(c)]. Indeed, in Fig. 2(d),
the main resonant peaks are located at h̄� = 1.5874 eV, and
satisfy the resonant condition in Eq. (28) with (n = 0,s =
+1,η = −1), (n′ = 1,s ′ = +1,η′ = +1), and � = 1. In this
work, we neglect the effect of screening [37,39], which has
been demonstrated to reduce the absorption coefficient [39].
This means that for both the DP and PE coupling, phonon
interactions are taken to be unscreened. Unlike free-carrier
optical absorption [39], here we found that the contribution
due to the TA phonon via PE coupling dominates the others.
This disagreement might come from the fact that the effect of
screening is not considered. In specific terms of PE coupling,
the contribution of TA phonons is about 1.6 times larger than
that of LA phonons, which can result from smaller TA phonon
velocity when the MOAC is nearly proportional to v−2

sλ [see
Eq. (25)], agreeing with the previous work [39]. It is also
found that in DP coupling, the LA mode provides a larger
contribution in comparison with the TA mode consisting of
its larger coupling strength. This result is in good agreement
with that for the scattering rate [41], whereas it is in contrast
to the cooling power, where the TA mode is dominant [38].
A similar result but with slightly smaller amplitudes of the
resonant peaks is observed with the spin down state as shown
in Fig. 2(b). It can be seen that the difference between the
absorption by spin up and spin down electrons is small, and
their quality is similar. Therefore, in the following, we would
only focus on the spin up case, and the results could be
validated for the spin down case.

125411-6



MAGNETO-OPTICAL TRANSPORT PROPERTIES OF . . . PHYSICAL REVIEW B 96, 125411 (2017)

FIG. 3. MOAC in monolayer MoS2 is showed as a function of
photon energy for different values of magnetic field: (a) TA-PE, (b)
LA-PE, (c) TA-DP, and (d) LA-DP phonons. The results are calculated
for the spin up case at T = 77 K.

Figure 3(a) shows the photon energy-dependent MOAC
for monolayer MoS2 due to a TA phonon via PE coupling
at three different values of the magnetic field. For each
value of B = 9,10, and 11 T, the spectrum exhibits a single
absorption peak, with a maximum at a photon energy of
1.5871, 1.5874, and 1.5876 eV and a width of 1.3931, 1.4684,
and 1.5401 meV (FWHM), respectively. The main trend that
can be observed here is that with increasing magnetic field the
resonant peaks shift to higher energies and their amplitudes
increase. This behavior of the MOAC is similar to that in a
semiconductor quantum well [79] and in graphene [44,45,62].
This can be qualitatively explained in the one-particle picture
as originating from the LL spectrum as follows: With the
increase of the magnetic field, the LL spacing increases giving
upswing to a higher energy of the absorbed photon. Besides,
the increase of the amplitudes of the interband transition peaks
with increasing magnetic field can be interpreted as reducing
the magnetic length ac. We can see from Eq. (25) that the
MOAC is nearly proportional to a−4

c ∼ B2. Consequently, with
increasing magnetic field the magnetic length reduces giving
rise to an increase of the amplitudes of the resonant peaks.
Similar behavior of the MOAC is observed for the case of
LA-PE, TA-DP, and LA-DP phonons shown in Figs. 3(b)–3(d),
respectively, but with smaller amplitudes. While the major
trends in Fig. 3 can be clearly understood from the one-particle
picture, the electron-phonon scattering still plays an intense
role and is needed to explain the broadening of the resonant
peaks with magnetic field.

In order to gain insight into the nature of electron-phonon
scattering in monolayer MoS2 in the presence of a magnetic
field, we measured the FWHM as a function of the magnetic
field. Figure 4 shows the dependence of the FWHM on the
magnetic field at T = 77 K for both DP and PE coupling
in the case of spin up. The result is calculated for both the
one- and two-photon absorption processes. With increasing
magnetic field, the FWHM of the resonant peaks increases
in both one- and two-photon absorption processes as well as
for both DP and PE coupling. The

√
B-dependent FWHM

can result from the broadening of the LLs [80]. This is

FIG. 4. Magnetic field dependence of FWHM of main peaks in
monolayer MoS2 due to electron-acoustic phonon scattering for the
spin up case at T = 77 K. The full and empty dots correspond to the
one- and two-photon absorption processes.

in overall good agreement with the result observed in the
conventional 2D electron gas [81], in 2D graphite systems
[82], and in graphene [83]. It is noted that the FWHM has a
close relationship with Lorentzians width, proportional to the
ratio D

μ
λ /vsλ [see Eq. (29)]. Since the piezoelectric constant

e11 = 3.0 × 10−11 C/m [37] leads to a potential DPE
λ = 2.4 eV,

a TA phonon via PE coupling with the strongest ratio D
μ
λ /vsλ

shows the largest FWHM among the four, while an LA-PE
phonon shows the smallest. This is attributed to the fact that
in the first case, the probability of electron-phonon scattering
is the strongest. For example, at B = 10 T, the FWHM via
a one-photon absorption process due to a TA phonon via
PE coupling is about 1.4684 meV, whereas they are 1.0753,
0.9802, and 0.9205 meV for LA-DP, TA-DP, and LA-PE
phonons, respectively. Moreover, in each phonon mode the
distribution of the two-photon absorption process is always
smaller than that of the one-photon case. For instance, at
B = 10 T, the distribution of the two-photon process is about
25% of that of the one-photon case in all four modes of acoustic
phonons. This means the two-photon absorption process is
strong enough to be detected and should be considered in
investigating the MOAC in monolayer MoS2.

Figure 5 shows the dependence of the individual MOAC
in monolayer MoS2 on photon energy at different values of
temperature for both DP and PE coupling at B = 10 T. The
main peaks occur at h̄� = 1.5874 eV as mentioned in Figs. 2
and 3. The nearby peaks at h̄� = 1.5921 eV result from
the n = 1 → n′ = 2 transition, which are much smaller in
comparison to the main peaks. With increasing temperature,
the resonant peaks give a rising spectral amplitude and become
broader while their positions are maintained. The rise of
spectral magnitude is similar to the scattering rate [37], cooling
power [38], free-carrier optical absorption [39], and phonon-
assisted cyclotron resonance [84]. For a TA-PE phonon [see
Fig. 5(a)], in particular, the strong rise in the peak value of the
MOAC from 1.37 × 102/m at T = 4 K to 1.19 × 103/m at
T = 300 K is a result of increased electron-phonon scattering
at higher temperature. The positions of resonant peaks are
governed by the arguments of the delta functions in Eq. (28), in
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FIG. 5. MOAC in monolayer MoS2 is shown as a function of
photon energy for different temperatures: (a) TA-PE, (b) LA-PE, (c)
TA-DP, and (d) LA-DP phonons. The results are calculated for the
spin up case at B = 10 T.

which the absorbed photon energies must satisfy the condition
�h̄� = Eα′ − Eα . Therefore, the temperature independence
of the arguments of the delta functions leads to an unchanged
position of the resonant peaks when the temperature increases.
And the broadening of the resonant peaks originates from the
increase of the probability of electron-phonon scattering at
higher temperatures, which is reflected in the increase of the
FWHM.

Figure 6 shows the FWHM of the main resonant peaks
in Fig. 5 as a function of temperature for both DP and
PE coupling at B = 10 T. The FWHM in monolayer MoS2

can be governed by both the electron-phonon scattering and
temperature. Besides strongly increasing with temperature, the
FWHM is also dependent on the phonon modes and on the
coupling mechanisms. The square root of T dependence of
the FWHM originates from the Lorentzians width in Eq. (29)
which increases with

√
T . Meanwhile, the effect of phonon

modes and coupling mechanisms on the FWHM is expressed

FIG. 6. Temperature dependence of FWHM of main peaks in
monolayer MoS2 due to electron-acoustic phonon scattering for the
spin up case at B = 10 T. The full and empty dots correspond to the
one- and two-photon absorption processes.

FIG. 7. MOAC for the different electron-optical phonon cou-
plings as a function of photon energy at T = 77 K and B = 10
T. The left (a) and right (b) panels correspond, respectively, to the
two-photon and one-photon absorption processes and differ only in
the photon energy range (x axis).

through the ratio D
μ
λ /vsλ. Similar to the result mentioned in

Fig. 4, with the strongest ratio, the TA-PE phonon displays
once again the strongest FWHM while the LA-PE phonon
shows the smallest one.

B. Intrinsic optical phonons

The resulting MOAC for zero-order, first-order optical
deformation potentials, and the Fröhlich interaction for the
spin up case are shown in Fig. 7 as a function of the
photon energy at T = 77 K and B = 10 T. These peaks
are due to PACR, which represents the resonance transfer
of electrons with absorption of one [Fig. 7(b)] and/or two
photons [Fig. 7(a)] accompanied by the absorption/emission
of phonons. While the zero- and first-order optical deformation
potential (ODP) couplings correspond to the interaction with
the homopolar mode and the polar TO phonon, respectively,
the Fröhlich interaction corresponds to the polar LO phonon.
In general, the zero-order ODP and the Fröhlich interaction
dominate the MOAC to the optical phonons, while the first-
order ODP is the weakest. This result is in good agreement
with that calculated for scattering rate [7] and cooling power
[38]. The high MOAC for the homopolar mode stems from
its strong zero-order deformation potential coupling, which
originates from its characteristic lattice vibration polarized in
out-of-plane direction [7], where two S-atoms oscillate out of
phase with each other and the Mo atom is in its steady state
[41]. The position of the resonant peak depends on the phonon
energies and is defined through Eqs. (33) and (A2). With the
largest phonon energy (see Table I), the homopolar mode
(zero-order) gives the largest shift towards higher energies,
while the LO phonon (Fröhlich) gives the smallest shift among
the three.

In Figs. 8 and 9 we show the contribution to the MOAC
and FWHM from the individual coupling mechanisms at
T = 77 K. Via the interband transitions from occupied to
unoccupied states through the absorption of one and two
photons, the effect of a magnetic field on these features is
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FIG. 8. MOAC for different electron-optical phonon couplings is
showed as a function of photon energy for different magnetic fields:
(a) Zero-order ODP and (b) Fröhlich. The results are calculated for
the spin up case at T = 77 K.

similar to those displayed in Figs. 3 and 4 due to acoustic
phonon scattering but with a slightly higher magnitude. For the
zero-order ODP and Fröhlich interaction, the

√
B-dependent

FWHM is similar to that for acoustic phonons because of their
identical form for the coupling matrix element. Whereas, in the
case of first-order ODP, the linearly field dependent FWHM
results from the fact that the Lorentzians width is proportional
to a−2

c ∼ B [see Eq. (A3)].
The effect of temperature on the MOAC and FWHM due

to optical phonon scattering is illustrated in Figs. 10 and 11.
We found that temperature does not impact the position but
impacts the magnitude and the broadening of resonant peaks.
As seen in Fig. 10, with increasing temperature, the resonant
peaks become slightly broader and give a rise in spectral
magnitude. The broadening of the resonant peak with the
increase of temperature is reflected in the increase of the
FWHM as displayed in Fig. 11. Unlike the case of acoustic
phonon scattering (see Figs. 5 and 6), temperature weakly

FIG. 9. Magnetic field dependence of FWHM of main peaks in
monolayer MoS2 due to electron-optical phonon scattering for the
spin up case at T = 77 K. The full and empty dots correspond to the
one- and two-photon absorption processes.

FIG. 10. MOAC for different electron-optical phonon couplings
shown as a function of photon energy for different temperatures: (a)
Zero-order ODP and (b) Fröhlich. The results are calculated for spin
up at B = 10 T.

affects FWHM through the slight dependence on temperature
of the number of optical phonons. In the low-temperature
regime, the effect of the optical phonons is not clear and the
role of acoustic phonons is dominant. At higher temperatures,
zero-order ODP and polar optical scattering via the Fröhlich
interaction become dominant. Whereas, the first-order ODP
only plays a minor role in the low field and the low-temperature
regimes. This is in good agreement with previous results for
the scattering rates [7].

C. Surface optical phonons

To illustrate the contribution to the MOAC of the two
individual SO phonon modes as well as of the two-photon
process, in Figs. 12(a) and 12(b) we show the MOAC as
a function of photon energy for MoS2 on several substrates
at T = 77 K, d = 0.4 nm, and B = 10 T. It is found that

FIG. 11. Temperature dependence of FWHM of main peaks in
monolayer MoS2 due to electron-optical phonon scattering for the
spin up case. The full and empty dots correspond to the one- and
two-photon absorption processes. The inset is zoomed in for the
zero-order ODP.
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FIG. 12. Photon energy dependence of MOAC for MoS2 on
several substrates due to electron-SO phonon interaction. The results
are calculated for spin up at T = 77 K, d = 0.4 nm, and B = 10
T. The left (a) and right (b) panels correspond, respectively, to the
two-photon and one-photon absorption processes and differ only in
the photon energy range.

despite their small energy, SO phonons play an important role
in electron transport via enhancing SO phonon scattering if
monolayer MoS2 is in close to high-κ dielectrics [67]. The
evidence is that the values of the MOAC due to electron-SO
phonon scattering shown in Fig. 12 are much bigger than
those due to the interaction between electron and the intrinsic
acoustic (see Fig. 2) or optical phonons (see Fig. 7).

The resonant peaks appearing in each curve in Fig. 12
represent the PACR transfer of electrons from n = 0 to
n′ = 1 states with absorption of photons accompanied by
the absorption/emission of SO phonons. It is clear that, in
comparison with the SO1 mode, an SO2 phonon with higher
energy displays a stronger scattering with electrons, which is
reflected in the MOAC peaks being higher, and also gives a
shift of the peak position towards higher energies. An example
is shown in Fig. 12(b) for MoS2 on a ZrO2 substrate (blue
curve): the peaks at h̄� = 1.612 and 1.658 eV correspond to
transitions due to SO1 and SO2 phonon scattering, respectively;
and the magnitude of the peak due to SO1 phonon scattering is
about 79% of that due to the SO2 phonon. In Fig. 12(a) we also
obtained similar results for the two-photon absorption process,
but with smaller values of the resonant peaks. These results
are in good agreement with those calculated for graphene on
polar substrates [45].

Another important feature is that the substrates strongly
affect the MOAC spectra not only in magnitude but also in the
position of resonant peaks. SiO2, with the highest electron-SO
phonon coupling parameter (Fλ), shows the strongest electron-
SO phonon scattering, which is reflected in the highest MOAC
magnitude, followed by that of the substrate ZrO2. Meanwhile,
h-BN presents the lowest magnitude. Exceptionally, in the case
of AlN, since the energies of the two SO phonon modes are
nearly equal to each other, the positions of the resonant peaks
due to these two SO phonon modes almost coincided. That is
the reason why the magnitude is observed to be highest in this
case although the electron-SO coupling is not the strongest.
Besides, with the smallest SO phonon energies the position

FIG. 13. Photon energy dependence of MOAC for MoS2 on
several substrates due to electron-SO phonon interaction at different
values of magnetic field B. The results are calculated for spin up at
T = 77 K and d = 0.4 nm.

of the resonant peaks in the case of HfO2 shifts to the lowest
energy, while h-BN shows the largest among the six substrates.

To investigate the effect of a magnetic field on the absorp-
tion spectrum, in Figs. 13 and 14 we display the magnetic
field dependence of MOAC and FWHM for MoS2 on many
different substrates. The general trends observed in Fig. 13,
for all six substrates, are that with increasing magnetic field
the position of the resonant peaks move slightly toward higher
energies (blueshift) and their amplitudes increase. These are
in good agreement with those reported previously for the
magneto-optical conductivity [44] and the phonon-assisted

FIG. 14. Magnetic field dependence of FWHM for MoS2 on
several substrates due to electron-SO phonon interaction. The results
are calculated for spin up at T = 77 K and d = 0.4 nm. The full
and empty dots correspond to the one- and two-photon absorption
processes, respectively.
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FIG. 15. Photon energy dependence of MOAC for MoS2 on
several substrates due to electron-SO phonon interaction at different
temperatures T . The results are calculated for spin up at d = 0.4 nm
and B = 10 T.

cyclotron resonance [45] in a graphene/polar substrate, as well
as for the magneto-optical transitions [42] and magnetophonon
resonance [8] in MoS2/polar substrate heterostructures. These
can be qualitatively explained by the fact that, as the magnetic
field increases, (i) the Landau level spacing increases (see
Fig. 1) which gives rise to a higher energy for the absorbed
photons; and (ii) the decrease of magnetic length results in the
enhancement of the amplitudes of resonant peaks.

The effect of different substrates on the absorption spectrum
of MoS2 is also displayed in Fig. 13. It is found that the resonant
feature of the MOAC in these substrates is the same. However,
because of their larger SO phonon energies, the dielectrics
AlN, SiO2, h-BN, and SiC play a minor role in comparison
with HfO2 and ZrO2.

The dependence of the FWHM on the magnetic field
for MoS2 on different substrates is shown in Fig. 14. The
features of the FWHM are similar to these of other intrinsic
acoustic and optical phonon modes. However, due to their
strong electron-SO phonon couplings, the FWHM induced
by SO phonons is bigger than that due to intrinsic acoustic
and optical phonons. Once again, we can see that with the
highest electron-SO phonon scattering, SiO2 shows the biggest
FWHM, while h-BN displays the smallest one among the six
substrates. Besides, the

√
B-dependent behavior of FWHM is

similar to that in graphene [45,83,85], which can result from
the broadening of the Landau levels [80].

In Fig. 15 we now turn our attention to study the tem-
perature dependent MOAC for MoS2 on different substrates.
Comparing six substrates, one can discern that with the
large low-frequency dielectric constant and small SO phonon
energies, HfO2 and ZrO2 are strongly affected by temperature,
especially for the absorbed SO phonon peaks [two leftmost

FIG. 16. Temperature dependence of FWHM for MoS2 on several
substrates due to electron-SO phonon interaction. The results are
calculated for spin up at B = 10 T and d = 0.4 nm. The full and empty
dots correspond to the one- and two-photon absorption processes,
respectively. The inset is zoomed in for the case of the ZrO2 substrate.

peaks of each curve in Figs. 15(a) and 15(b)]. Besides, as can
be seen in Fig. 15, which focuses on the optical transition from
n = 0 to n′ = 1, the absorption peaks become broader and en-
hance spectral amplitude with the increasing temperature. This
enhancement spectral weight is opposite to previously reported
for graphene on polar substrates [44,45]. This difference comes
from the position of the Fermi level: in the case of graphene its
position is completely in the conduction band, while in MoS2

it lies between the conduction and valence bands. Therefore, in
MoS2 there are no new thermally exited transitions as found in
graphene [44]. Furthermore, the broadening of the absorption
peaks comes from the increase of SO phonons and thus the
probability of electron-SO phonon scattering with increasing
temperature, which will be reflected in the enhancement of the
FWHM as shown in Fig. 16.

Figure 16 shows the dependence of the FWHM on the
temperature for MoS2 on several different substrates at B = 10
T and d = 0.4 nm. Similar to the case of intrinsic optical
phonons, the slightly increasing FWHM comes from the
enhancement of the number of SO phonons when temperature
increases. It is clear that the role of the SO phonon is important
only at high temperature, the unchanged behavior of the
FWHM in the low-temperature range as shown in the inset
of Fig. 16 is the evidence. Besides, due to the small SO
phonon energies, the FWHM for ZrO2 and HfO2 substrates
increase more quickly, in the high-temperature regime, than
that for the other substrates. This result in close agreement
with the previous experimental report made for graphene on a
SiC substrate [85], and the theoretical result for graphene on
polar substrates [45].

The importance of SO phonon scattering can also be
observed in Fig. 17, which displays the dependence of the
MOAC on photon energy for different values of the distance
d. As can be seen in Fig. 17, the MOAC reduces with
increasing distance d due to the decreasing coupling strength
between electrons and SO phonons [42] whence the decreasing
SO phonon scattering rate, which has been demonstrated in
previous studies [15,86]. These originate from the reduction of
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FIG. 17. Photon energy dependence of MOAC for MoS2 on
several substrates due to electron-SO phonon interaction at different
MoS2-substrate distance d . The results are calculated for spin up at
T = 77 K and B = 10 T.

the SO phonon mode from the substrate surface with the large
distance [71,76,87]. As can be seen from Fig. 17, the MOAC is
severely degraded when the effective MoS2-substrate distance
is larger than 15 nm. In this case the effect of SO phonon is
very weak and can be neglected.

To further illustrate the effect of the distance d on the
absorption spectrum, in Fig. 18 we display the dependence
of the FWHM on the distance d for MoS2 on many different
substrates at B = 10 T and T = 77 K. The figure shows that
the FWHM decreases nonlinearly with increasing distance d

in both one- and two-photon absorption processes as well as in

FIG. 18. MoS2-substrate distance dependence of FWHM for
MoS2 on several substrates due to electron-SO phonon interaction.
The results are calculated for spin up at B = 10 T and T = 77 K. The
full and empty dots correspond to the one- and two-photon absorption
processes, respectively.

all of the six substrates due to the decreasing of the probability
of electron-SO phonon scattering. The FWHM is found to be
largest for the case of an SiO2 substrate and smallest for h-BN
resulting from the fact that electron-SO phonon scattering is
strongest in SiO2 and weakest in h-BN.

V. SUMMARY AND CONCLUSIONS

Considering electron scattering from MoS2 intrinsic acous-
tic and optical phonons as well as the surface optical phonons
induced by polar substrates, we studied the magneto-optical
transport properties of monolayer MoS2 on several polar
substrates subject to an external perpendicular magnetic field,
including one- and two-photon absorption processes. Due to
the large band gap of MoS2, the interband optical transitions
are observed in the visible frequency range. The strong SOC
is reflected in the splitting of the LLs leading to the separated
energies of the spin up and spin down states.

The MoS2 intrinsic acoustic phonons have been investi-
gated for both TA and LA modes and for both deformation
potential and piezoelectric coupling mechanisms. Due to
having the strongest ratio D

μ
λ /vsλ, TA phonons via PE coupling

dominates MOAC and FWHM in comparison with other
acoustic phonon scattering mechanisms while LA phonons
via PE coupling shows the smallest. For the intrinsic optical
phonon, the optical zero-order deformation potential and the
Fröhlich interactions dominate MOAC and FWHM. Besides,
SO phonons play an important role at high temperature
depending on the substrate the MoS2 layer is placed upon.
Our results show that the magnitude of the absorption peaks is
strongly enhanced by substrates due to their strong electron-SO
phonon coupling as compared to those for intrinsic acoustic
and optical phonons. Moreover, because it has the strongest
electron-SO phonon scattering, the SiO2 substrate is found to
be dominant to MOAC and FWHM over the entire temperature
and magnetic field range considered, while h-BN shows the
smallest ones among the six substrates.

Furthermore, we have studied the influence of temperature,
magnetic field, and the effective MoS2-substrate distance on
MOAC and FWHM. With increasing temperature and mag-
netic field, both MOAC and FWHM are enhanced. Whereas,
with increasing the MoS2-substrate distance these properties
reduce rapidly. Besides, the HfO2 and ZrO2 substrates are
strongly affected by temperature, especially for the absorbed
SO phonon peaks, due to their large low-frequency dielectric
constant and small SO phonon energies. The

√
B-dependent

FWHM, except for the first order ODP case, is found to be in
good agreement with that in the conventional 2D electron gas
and that in graphene. We hope that this result would be useful
for the orientation of experimental studies in monolayer MoS2

in the near future.
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APPENDIX: MOAC VIA THE FIRST-ORDER ODP

In the case of the first-order deformation potential interac-
tion, the matrix element is given in the second part of Eq. (30).
Similarly in the zero-order deformation potential interaction,
by means of the dispersionless optical phonons ωq,λ = ωTO,
the expression of the MOAC for inelastic scattering on a TO
phonon is given as follows for the first-order deformation
potential interaction:

K1
TO(�) = D(ωc,�)

2h̄
(
D1

TO

)2

AρωTOa4
c

∑
α,α′

|Bαα′ |2fα(1 − fα′ )

× δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

NTO
{
I (1)

α,α′
[
δ(Y−

1 ) + eh̄ωTO/kBT δ(Y+
1 )

]

+ I (2)
α,α′

[
δ(Y−

2 ) + eh̄ωTO/kBT δ(Y+
2 )

]}
, (A1)

where NTO is is the equilibrium Bose-Einstein distribution
function for the phonons ωTO, I (1)

α,α′ = 16F (2)
α,α′/α

2
0, I

(2)
α,α′ =

(α2
0/16)

∫ ∞
0 q7|Jα,α′ (q)|2dq, which will be numerically

calculated, and Y±
� is given the same form as Y±

� shown in
Eq. (32) but with h̄ωHP replaced by h̄ωTO. The delta functions
in Eq. (A1) imply the energy conservation law, which shows
the selection rule

�h̄� = Eα′ − Eα ± h̄ωTO. (A2)

Finally, the corresponding Lorentzian widths for TO phonon
scattering is given as follows:

(
γ

±,TO
α,α′

)2 = h̄
(
D1

TO

)2

2πρωTOa4
c

δss ′

L
η,τ
n,s L

η′,τ
n′,s ′

F (1)
α,α′N

±
TO. (A3)

Note that, unlike in the case of zero-order ODP where
the Lorentzian widths are proportional to a−1

c ∼ √
B [see

Eq. (34)], here we can see that the Lorentzian widths for TO
phonon scattering are proportional to a−2

c ∼ B which results
in the linearly magnetic field-dependent FWHM as shown
in Fig. 9.
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