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Abstract—It is considered the (slow) flow of the viscous incompressible fluid in the Hele-Shaw cell
at presence of a rigid obstacle in the flow. A novel model for such a flow is proposed in terms of
the parametrization of the boundary of the fluid front and Green’s function (or the Robin–Neumann
function) for the Laplace equation in a doubly connected domain subject of the mixed boundary value
problem (the Neumann problem on the boundary of the obstacle and the Robin problem on the fluid
front). Preliminary results for asymptotic study of such Green’s function are presented too.
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1. INTRODUCTION

The flow of the viscous fluid in a narrow gap between two closely situated parallel plates known
as Hele-Shaw flow has been intensively studied during almost century (see [28] and references therein).
From mathematical point of view this problem is similar to the one-phase Stefan problem for supercooled
solidification (see, e.g. [1]), both being special cases of the Navier–Stokes problem (see [10]). The
question on the discussion for these problems is to describe the behavior of the free boundary. There are
two formulations of the Hele-Shaw problem, namely, the complex-variable model in terms of a family
of conformal mappings of the unit disc onto the fluid domain (see [10]), and the real-variable model in
terms of a family of parametrizations of the moving front (see, e.g. [11]). Different driving mechanisms
are supposed to be cause of the flow, e.g. point sources/sinks. It is well-known that in the latter case the
injection problem (i.e. when an extra fluid is added through one or several point-sources) and suction
problem (i.e. when a fluid is removed through one or several point-sinks) are not equivalent.

The Hele-Shaw problem with suction is globally ill-posed, meaning that it can have finite-time
blow-up and cusp formation on the free boundary (see, e.g. [25]). There are different approaches to
the regularization of the Hele-Shaw problem with suction by incorporating extra terms in the set of
boundary conditions in order to penalize large curvature of large normal velocity of the moving front
(see, e.g. [27] and [10]). Mostly two types of the regularization are used. One of them is in accounting
the surface-tension of the free boundary, another one is in supposing a non-constant pressure on the
free boundary (more precisely, assuming that the pressure is proportional to the normal velocity on the
free boundary). The latter approach is called kinetic undercooling regularization since it was proposed
first for the Stefan problem for supercooled solidification in [26]1). Local linear stability analysis shows
that kinetic undercooling regularization successfully penalizes the short wavelength growth (which is
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1)Much later such regularization was used for the Hele-Shaw problem in [24].
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usually associated with blow-up) as in real-variable Hele-Shaw model (see [11]) as in complex-variable
Hele-Shaw model (see [23, 21]).

In this paper we consider the real-variable Hele-Shaw model with obstacles in the flow. For this
model we use the kinetic undercooling regularization since previous analysis shows us that at presence
of rigid obstacles in the flow the Hele-Shaw problem could be unstable (see, e.g. [19, 20]). Thus the
situation is similar to the ill-posed Hele-Shaw problem with suction.

We generalize the real-variable model as proposed in [11] and present the new model in terms of two
unknowns, namely, parametrization of the free boundary and Green’s type (or the Robin–Neumann)
function for the Laplace equation subject of mixed boundary value problem, namely, the Neumann
boundary condition on the obstacles and the third type (or the Robin) boundary condition on the free
boundary. To avoid, at least partly, the above mentioned instability we incorporate into the model the
kinetic undercooling condition.

This paper deals with the modelling of the considered problem. Our further study of the problem
will use the asymptotic point of view. In this part we suppose to follow the approach developed by
Maz’ya, Movchan and Nieves in a series of recent articles (see its detailed description in [17]). Our
further asymptotic analysis will be based on this approach and the asymptotic study of the proposed
model which generalizes that presented in our recent papers [19, 20] and [18]. Here we make some
preliminary steps in this direction.

The article is organized as follows. The Sec. 2 deals with the formulation of the considered problem.
The physical background for the flow passed an obstacle is presented too. In Sec. 3, the mathematical
model is given. One of the components of this model, namely, the Robin–Neumann function for the
mixed problem in a doubly connected domain, is described in Sec 4. Finally, in Sec. 5, we present a
number of preliminary asymptotic results for the Robin–Neumann function.

2. STATEMENT OF THE PROBLEM AND PHYSICAL BACKGROUND

We consider a two-dimensional potential flow of incompressible fluid with (small) obstacles in it.
In terms of the velocity vector field V = (V1, V2), averaged across the gap in the Hele-Shaw cell, the
potentiality of the flow can be written as the following relation (known as the Hele-Shaw equation,
see [10, p. 14–15])

V = − h2

12μ
∇p, (1)

where p is the pressure, h is the gap between two plates in the Hele-Shaw cell, and μ is the viscosity
coefficient. Incompressibility condition has the form

divV = 0. (2)

Thus the unknown pressure in the flow depends as on spatial variables x1, x2, as on time t, i.e.
p = p(x; t) = p(x1, x2; t). The later is supposed to vary on a (small) interval I = [0, T ].

We study the motion of the fluid within a multiply connected region D1(t) = D(t) \
⋃N

k=1 Fk(t),
where D(t) is a simply connected domain containing the origin O = (0, 0) at the initial moment of time
t = 0 and Fk(t) (Fk(0) �� O) are the compact domains which geometrically describe positions of the rigid
obstacles. Without loss of generality we suppose that diameter of each Fk(t) is less or equal to 1/2 and
for each t ∈ I and each k = 1, . . . , N. We also fix points xk(t) ∈ intFk(t) inside the domains Fk(t). For
instance, if Fk(t) is a circular domain then we can suppose that xk(t) is a center of the corresponding
disc. Thus, in all cases we call xk(t) a “center” of Fk(t) supposing that dist{xk(0), ∂Fk(0)} > δ > 0.

The fluid motion is driving by the unique source/sink of intensity Q(t) situated at the origin O =
(0, 0). It means

p(x1, x2; t) ∼ −Q(t)

2π
log |x|, |x| → 0. (3)

The function Q(t) models injection (Q < 0) and suction (Q > 0). Without loss of generality we can
suppose that the intensity Q is constant (we reduce the problem to this case by standard change of
time-variable).
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Substitute (1) into (2) everywhere outside source/sink point:

Δp = 0 in D1(t) \ {O}. (4)

We assume that initial curve ∂D(0) is known and initial geometry satisfies conditions:

c ≤ min dist{O, ∂D(0)} ≤ max dist{O, ∂D(0)} ≤ 1,

and the obstacles Fk(0) are rigid bodies “centered” at xk(0), such that

min
k=1,...,N

dist{∂Fk(0), ∂D(0)} = d > 0,

It follows from the above geometric assumptions on the initial shape of the fluid domain that at least
for short interval of time t the fluid is occupies the domain D1(t) � O and the obstacles Fk(t) remain in
D1(t) and do not cross source/sink, i.e. Fk(t) �� O. The boundary of D1(t) consists of the free boundary
D(t) and the boundary of obstacles Fk(t), i.e.

∂D1(t) = ∂D(t)
N⋃

k=1

∂Fk(t).

Following [2], we assume the level of smoothness of the initial free boundary ∂D(0): ∂D(0) ∈ C2,λ,
with certain fixed λ, 0 < λ < 1.

By mass conservation, the fluid velocity on the boundary should coincide with the geometric velocity
of the free boundary Γ(t) = ∂D(t), i.e.

V =
dΓ

dt
. (5)

Now we introduce boundary conditions. Since all obstacles are rigid bodies there is no flow in the
normal direction to their boundaries, i.e.

Vn = 0 on γk(t) := ∂Fk(t), k = 1, . . . , N. (6)

As for conditions on the free boundary we have already relation (1), (5) which together form the dynamic
boundary condition (or what is called “equation of motion”)

dΓ

dt
= − h2

12μ
∇p on Γ(t). (7)

Other two relations which form together kinematic condition are the following. First, it follows from (1)
that normal velocity on the free boundary coincides up to constant multiplier with normal derivative of
the pressure

Vn = − h2

12μ

∂p

∂n
on Γ(t). (8)

We add to this condition the so called kinetic undercooling condition, which is a sort of regularization
(see, e.g. [10]):

p = αVn on Γ(t), (9)

where α is a (given) proportionality coefficient. Conditions (8), (9) form together kinematic condition
on the free boundary, which is in fact Robin type boundary condition:

p+
αh2

12μ

∂p

∂n
= 0 on Γ(t). (10)

It follows from (3), (4)

p(x, t) = QG(x; t), x ∈ D1(t), t ∈ I.

Here G = G(x; t) is a one-parametric family of Green’s type (or Robin–Neumann) function (with time t
as a parameter) for Laplace equation in the multiply connected domain D1(t) subject to mixed boundary
conditions, namely, the Neumann conditions (6) on the boundaries of obstacles γk(t), k = 1, . . . , N, and
Robin condition (10) on the free boundary Γ(t).
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3. HELE-SHAW MODEL WITH KINETIC UNDERCOOLING REGULARIZATION

As it has been already mentioned, our aim is to describe the dynamics of the free boundary. For this
we introduce an unknown parametrization of Γ(t), a one-parametric family of C2-diffeomorphisms

w(s; t) = (w1(s, t), w2(s; t)) : T× I → Γ(t),T := {s = (s1, s2) ∈ R
2 : |s| = 1},

satisfying the following conditions:
(i) w(s; t) ∈ Γ(t) for all (s, t)) ∈ T× I;
(ii) w(·; t) : T → Γ(t) is a C2-diffeomorphism for each fixed t ∈ I;
(iii) w(·; ·) is a C2-mapping of T× I → R

2.
Now we formulate our problem in the final form.
Problem H − Skin-un. Find time interval I and a one-parametric family of C2-diffeomorphisms

w : T× I → R
2 satisfying

(i) the parametrization condition: w(x; t) ∈ Γ(t) for all (x; t) ∈ T× I;
(ii) the regularity condition:

w(·; t) : T → Γ(t) is a C2-diffeomorphism for each t ∈ I,w(·; t) ∈ C2,λ;

(iii) the equation of motion:

∂tw(x; t) = −Qh2

12μ
∇G(w(x; t); t) for all (x; t) ∈ T× I,

where G is Green’s type function for the problem:

−ΔG = δ0 in D1(t),

G + β
∂G
∂n

= 0 on Γ(t), β =
αh2

12μ
,

∂G
∂n

= 0 on γk(t), k = 1, . . . , N,

where ∂/∂n is taken along the outward normal derivative to the boundary Γ(t) = ∂D(t) and
inward normal derivative to each boundary γk(t) = ∂Fk(t);

(iv) the initial condition: w(x; 0) = w0(x).
The following remark describes the relation between the real-variable and the complex-variable

models with kinetic undercooling generalization.
Remark 1. Problem H − Skin-un can be reformulated by using (an unknown) family of

conformal mapping of the domain D = D(t). In this form it is related to the complex variable
Hele-Shaw problem with kinetic undercooling regularization (see [10, 23]):

Problem H − SD

kin-un. Let t ∈ I be a fixed instant of time. Let D = D(t) be the simply con-
nected domain described above. Let us denote by g := g(ζ; t) : U → D(t) the Riemann conformal
mapping of the unit disc U := {ζ ∈ C : |ζ| < 1} onto domain D(t) normalized by the conditions
g(0, 0; t) = (0, 0), g′

z(0, 0; t) > 0 (with derivative taken in sense of complex variable). Since
condition (ii) it follows from Warschawski theorem [30] that g(ζ; t) admits continuous extension
up to ∂U and g(z; t)|∂U ∈ C2,λ. The above conditions on Green’s type function can be rewritten in
terms of the conformal mapping g(z; t) in the following form:

ΔG̃ + δ0 = 0 in U, G̃ + β̃(ζ)
∂G̃
∂ν

= 0 on ∂U,

∂G̃
∂ν

= 0 on g(γk(t); t),

where G̃(z, t) = G(g(ζ; t), t), β̃(z) = αh2

12μ |∂rg(ζ; t)| (see [11, p. 434]), and derivative ∂
∂ν in the last

relation is taken with respect to polar radius r.
In order to perform an analysis of the above formulated Problem H − Skin-un we have to introduce

and study the so called Robin problem for the Laplace equation.
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4. ROBIN FUNCTION

4.1. Robin Function for Simply Connected Domain

Let D be a regular (bounded smooth) simply connected domain on the complex plane C and
α, β, γ : ∂D → R be given continuous real-valued function on the boundary of D. The Robin function
R(z, ζ) for the Laplace operator in a simply connected domain is defined by the following relations:

(a) R(·, ζ) is harmonic in D \ {ζ} for any ζ ∈ D,

(b) R(z, ζ) + 1
2π log |z − ζ| is harmonic in z ∈ D for any ζ ∈ D,

(c) α(z)R(z, ζ) + β(z)∂R(z,ζ)
∂νz

= γ(z), z ∈ ∂D for any ζ ∈ D, where ∂νz stands for outward normal
derivative in z,

(d) R(z, ζ) is symmetric, i.e. R(z, ζ) = R(ζ, z).
Let us discuss the properties of Robin function in the case of α, β being complex constants.
The Robin function can be used in the following representation which follows from the complex Gauss

theorem and Cauchy–Pompeiu formula (see, e.g. [3, 29]).
Proposition 1. Let α, β ∈ C, α �= 0, and D be a regular (bounded smooth) simply connected

domain on the complex plane. Then any function w ∈ C2(D;C) ∩ C1(D;C) can be represented as

w(z) = − 1

4πα

∫

∂D

[

αw(ζ) + β
∂w(ζ)

∂νζ

]
∂R(z, ζ)

∂νz
dsζ −

1

π

∫

D

wζζR(ζ, z)dξdη.

Thus, in particular (see, e.g. [5]), the unique solution to the Poisson equation Δu = f in D, satisfying
the Robin condition2)

αu(z) + β
∂u(z)

∂νz
= γ(z), z ∈ ∂D,

can be given by the formula

u(z) = − 1

4πα

∫

∂D

γ(ζ)
∂R(z, ζ)

∂νζ
dsζ −

1

π

∫

D

f(ζ)R(z, ζ)dξdη,

provided f ∈ Lp(D;C), p > 2; γ ∈ Cλ(∂D;R), λ > 0; β �= 0. In particular, for the Laplace equation
Δu = 0 in D, this formula contains only line-integral

u(z) = − 1

4πα

∫

∂D

γ(ζ)
∂R(z, ζ)

∂νζ
dsζ .

An exact representation of the Robin function is known only for certain special domains D. When D
is the unit disc D := {z ∈ C : |z| < 1} then the Robin function can be represented in form of series

R(z, ζ) = log

∣
∣
∣
∣
1− zζ̄

ζ − z

∣
∣
∣
∣

2

+ 2α
∞∑

k=1

1

αk + β

[
(zζ̄)k + (z̄ζ)k

]
+

2α

β
, −β

α
�∈ N0,

R(z, ζ) = log

∣
∣
∣
∣
1− zζ̄

ζ − z

∣
∣
∣
∣

2

+ 2α

∞∑

k=1

1

αk + β

[
(zζ̄)k + (z̄ζ)k

]
+

2α

β
−

−α

β

[
1

(zζ̄)β/α
+

1

(z̄ζ)β/α

]

+ 2α

[
log(zζ̄)

(zζ̄)β/α
+

log(z̄ζ)

(z̄ζ)β/α

]

, −β

α
∈ N0.

2)It is not clear whether the condition and the corresponding function, which are called quite commonly “Robin”, were
originated by Gustave Robin, see [9], thus some people prefer to use terms “third type boundary condition” and “Green’s
function for the third type boundary condition”.
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If, in particular, α = β = 1, then the Robin function has the following form (see, e.g. [4])

R(z, ζ) = log

∣
∣
∣
∣
1− zζ̄

ζ − z

∣
∣
∣
∣

2

− 2

[
log(1− zζ̄)

zζ̄
+

log(1− z̄ζ)

z̄ζ
+ 1

]

.

Proposition 2. Let D ⊂ C be a regular simply connected domain, α, β are complex numbers.
Let 0 ∈ D. Then the Robin problem has the following equivalent formulation

(a′) ΔzR(z, ζ) + δ(z − ζ) = 0, z, ζ ∈ D, z �= ζ ;

(b′)
[
α+ β ∂

∂νz

] (
R(z, ζ) + 1

2π log |z|
)
= γ(z), z ∈ ∂D, ζ ∈ D;

(c′)
∫
∂D R(z, ζ)

[
α(z) + β(z) ∂

∂νz

]
log |z|dz = 0, ∀ζ ∈ D.

Proof. Let R(z, ζ) be a solution to the problem (a′)-(c′). It satisfies conditions (a)-(d) if the symmetry
of R(z, ζ) holds. Let us consider two functions U(w) = R(w, z), V (w) = R(w, ζ). Then

R(ζ, z)−R(z, ζ) = U(ζ)− V (z) =

∫

D

[V (w)�wU(w)− U(w)�wU(w)] dw.

Applying Green’s formula to the last integral we have

R(ζ, z)−R(z, ζ) =
1

2π

∫

∂D

[

R(w, z)
∂R(w, ζ)

∂nw

−R(w, ζ)
∂R(w, z)

∂nw

]

dsw.

It follows from the boundary condition (b′)

∂R(w, ·)
∂nw

= −α

β
R(w, ·) − α

β
log |w| − ∂ log |w|

∂nw

.

Together with the orthogonality condition (c′) it gives the necessary result. �

4.2. Robin–Neumann Function for a Doubly Connected Plane Domain

Let D be a simply connected domain in C with a smooth boundary Γ = ∂D, and let F1 be a compact
subset (domain) of D with a smooth boundary γ1 = ∂F1, F1 ⊂ intD. We suppose for simplicity that
0 ∈ intF1. Denote by D1 = D \ F1 the corresponding doubly connected domain. Assume also without
loss of generality, that diamF1 = 1/2 and dist{0, ∂D} = 1. Introduce the family of sets F1,ε = {z : 1

εz ∈
F1} and denote γ1,ε = ∂F1,ε, D1,ε = D \ F1,ε. It is convenient to introduce the scaled variables ξ = 1

εz

and η = 1
εζ .

The following definition is similar to that proposed in [17, p. 45] for the Neumann function of a doubly
connected domain.

Definition 1. The Robin–Neumann function Rε(z, ζ) of the doubly connected domain D1,ε is
the solution to the following boundary value problem

ΔzRε(z, ζ) + δ(z − ζ) = 0, z, ζ ∈ D1,ε, (11)
[

α+ β
∂

∂νz

]

Rε(z, ζ) = 0, z ∈ Γ, ζ ∈ D1,ε, (12)

∂Rε(z, ζ)

∂νz
= 0, z ∈ γ1,ε, ζ ∈ D1,ε. (13)

Our further aim is to get an asymptotic representation of the Robin–Neumann function Rε(z, ζ)
(which is clearly related to our Problem H − Skin-un.) To do this we develop machinery similar to that
of [17]. In order to construct the asymptotic approximation of Rε(z, ζ), we use the solution R(z, ζ) to
the Robin problem in a simply connected domain D, the dipole vector D

(
1
εz
)
= (D1

(
1
εz
)
,D2

(
1
εz
)
) of

the domain F1 and the solution N
(
1
εz,

1
εζ

)
of the exterior Neumann problem for the domain C \ F1. All

theses solutions exist and are unique.
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5. ON ASYMPTOTIC BEHAVIOUR OF THE ROBIN–NEUMANN FUNCTION
IN A DOUBLY CONNECTED DOMAIN

Recently we have proposed an asymptotic type approach to the study Hele-Shaw problem with
obstacles in the flow (see [19, 20] and [18]). Here we present a number of preliminary results aiming
further study of the asymptotic behaviour of the Robin–Neumann function in a doubly connected
domain.

5.1. Solutions to Auxiliary Problems

10. Let us consider first the Robin boundary value problem (a′)–(c′) of simply connected domain D.
It is known (see e.g. [8, Ch. 4]) that the Robin problem (a′)–(c′) in a simply connected domain has a
unique solution either of classical or of weak type. The solution to the Robin problem can be constructed
by the formulas from Sec. 4 using the conformal mapping approach.

For the further convenience we denote by hR(z, ζ) the regular part of the Robin function

hR(z, ζ) :=
1

2π
log |z − ζ|−1 −R(z, ζ).

20. The Neumann function N (ξ, η) for the domain C \ F1 can be represented in the form

N (ξ, η) =
1

2π
log

1

|ξ − η| − hN (ξ, η),

where hN (ξ, η) is the regular part of N (ξ, η) satisfying the following conditions

ΔξhN (ξ, η) = 0, ξ, η ∈ C \ F1,

∂hN
∂nξ

(ξ, η) =
1

2π

∂

∂nξ

(

log
1

|ξ − η|

)

, ξ ∈ γ1, η ∈ C \ F1,

hN (ξ, η) → 0 as |ξ| → ∞, η ∈ C \ F1.

We note that the Neumann function N is symmetric, i.e. N (ξ, η) = N (η, ξ). The proof is similar to
that in Proposition 2.

30. The dipole vector D = (D1,D2) of the domain F1 is defined as the solution of the following
problems:

Dj(ξ) = 0, ξ ∈ C \ F1, j = 1, 2,

∂Dj

∂n
(ξ) = nj, ξ ∈ γ1, j = 1, 2,

Dj(ξ) → 0 as |ξ| → ∞, j = 1, 2,

where n = nξ = (n1, n2).

5.2. Asymptotic Properties of the Regular Part of the Neumann Function in C \ F1

We start with the point-wise estimate of a solution to the exterior Neumann problem.
Lemma 1 [14, Lemma 2.1]. Let ϕ ∈ L∞(γ1) and U ∈ L1

2(C \ F1) be a solution of the exterior
Neumann problem

ΔU(ξ) = 0, ξ ∈ C \ F1,
∂U

∂n
(ξ) = ϕ(ξ), ξ ∈ γ1, U(ξ) → 0 as |ξ| → ∞,

where ∂
∂n is the normal derivative on γ1 outward with respect to the domain C \ F1 and ϕ satisfies

the orthogonality condition
∫

γ1

ϕ(ξ)dsξ = 0.
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We also assume that
∫

γ1

U(ξ)
∂ζ

∂n
(ξ)dsξ = 0,

where ζ(ξ) is the solution to the following problem

Δζ(ξ) = 0, ξ ∈ C \ F1,

ζ(ξ) = 0, ξ ∈ γ1,

ζ(ξ) =
1

2π
log |ξ|+ ζ∞ +O

(
1

ξ

)

as |ξ| → ∞,

where ζ∞ is a constant. Then sup
ξ∈C\F1

{(|ξ|+ 1)U(ξ)|} ≤ C||ϕ||L∞(γ1).

This lemma was proved in [14, Lemma 2.1] under the same conditions as ours. Note that the function
ζ(ξ) is the limit of Green’s function for exterior Dirichlet problem when the second variable η tends to
infinity.

Next, we have to describe the asymptotic behaviour of the regular part hN (ξ, η) of the exterior
Neumann function N (ξ, η). For this we make a correction of hN (ξ, η) by the term containing the dipole
vector D and use the above result in Lemma 1.

Lemma 2 [14, Lemma 2.2]. The regular part hN (ξ, η) for the exterior Neumann problem satisfies
the following estimate

∣
∣
∣
∣hN (ξ, η)− D(η) · ξ

2π|ξ|2

∣
∣
∣
∣ ≤ C

1

1 + |η|
1

|ξ|2 ,

where C > 0 is a constant, |ξ| > 2, η ∈ C \ F1.
This is the central auxiliary result for our approximation of the Robin–Neumann function. It was

proved in [14, Lemma 2.2].

5.3. Maximum Modulus Estimate for Solutions to the Mixed Problem in D1,ε

This part is devoted to the study of the properties of the Robin–Neumann function Rε(z, ζ) in a
doubly connected domain D1,ε.

Lemma 3. Let α, β ∈ C. Let ϕ ∈ C(Γ), ψε ∈ L∞(γ1,ε),
∫

γ1,ε

ψε(z)dsz = 0. (14)

Suppose that u be a continuous in D1,ε solution with square integrable gradient in a neighborhood of
γ1,ε = ∂F1,ε to the following mixed boundary value problem

Δu(z) = 0, z ∈ D1,ε, (15)
[

α+ β
∂

∂n

]

u(z) = ϕ(z), z ∈ Γ = ∂D, (16)

∂u

∂n
(z) = ψε(z), z ∈ γ1,ε = ∂F1,ε. (17)

Then there exist constants C1, C2 independent of ε such that the following inequality holds

||u||C(D1,ε)
≤ C1||ϕ||C(Γ) + εC2||ψε||L∞(γ1,ε).

Proof. Here we use the ideas from [14, Subsec. 2.5]. Let us consider the exterior Neumann problem

Δv(ξ) = 0, ξ ∈ C \ F1,
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∂v

∂n
(ξ) = ψ(ξ), ξ ∈ γ1, v(ξ) → 0, as |ξ| → ∞,

with boundary data ψ ∈ L∞(γ1) normalized by the condition
∫

γ1

ψ(ξ)dsξ = 0.

It is known (see e.g. [8]) that such a problem is uniquely solvable. It follows from Lemma 1 that
the following operator is well defined A : L∞(γ1) → C(C \ F1), where A : ψ �→ v. Next we define an
analogous operator Aε using the scaled variable ξ = 1

εz: (Aεψε) (z) := (Aψ) (ξ), with ψε(z) =
1
εψ(

1
ε z).

We look for the solution of the mixed problem (14)–(17) in the form u(z) = V (z) +W (z), where
V (z) = (Aεψε) (z) and W (z) is the solution of the following problem:

ΔW (z) = 0, z ∈ D1,ε,
[

α+ β
∂

∂n

]

W (z) = ϕ(z) − V (z), z ∈ Γ,
∂W

∂n
(z) = 0, z ∈ γ1,ε.

By Lemma 1 we have

max
z∈C\F1,ε

|V | ≤ max
z∈C\F1,ε

|(Aεψε) (z)| ≤ εC||ψε||L∞(γ1,ε).

From the other side the solution of the mixed problem satisfies the following inequality on the boundary

max
z∈∂D1,ε

|W (z)| ≤ C1||ϕ||C(D) + εC2||ψε||L∞(γ1,ε).

Therefore, by maximum principle (see, e.g. [8, Ch. 6, 9]) we finally obtain

max
z∈D1,ε

|W (z)| ≤ C1||ϕ||C(D) + εC2||ψε||L∞(γ1,ε).

It gives the necessary inequality for the solution of problem (14)–(17). �

Our further aim is to determine an asymptotic formula for the Robin–Neumann function in a doubly
and multiply connected domain. It is the subject of the forthcoming paper.
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1. S. N. Antontsev, C. R. Gonçalves, and A. M. Meirmanov, “Local existence of classical solutions to the well-

posed Hele-Shaw problem,” Portugal. Math. 50, 435–451 (2002).
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