Viscoelastic behavior of periodontal ligament:
stresses relaxation during continuing
translational displacement of tooth root
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Abstract. Understanding of viscoelastic response of a periodontal mem-
brane under the action of short-term and long-term loadings is impor-
tant for many orthodontic problems. A new analytic model describing
behavior of the viscoelastic periodontal ligament after the tooth root
translational displacement is suggested. In the model, a tooth root and
alveolar bone are assumed to be a rigid bodies. The system of differen-
tial equations for the plane-strain state of the viscoelastic periodontal
ligament are used as the governing equations. The boundary conditions
corresponding to the initial small displacement of the root and fixed
outer surface of the periodontal ligament in the dental alveolus were
employed. A solution is found numerically for fractional viscoelasticity
model in assumption that the stresses relaxation in the periodontal lig-
ament after the continuing displacement of the tooth root occurs within
about five hours. A character of stresses distribution in the ligament over
time caused by the tooth root translational displacement is evaluated.
Effect of Poisson’s ratio on the stresses in the viscoelastic periodontal
ligament is considered. The obtained results can be used for simulation
of the bone remodelling process during orthodontic treatment and for
assessment of optimal conditions of the orthodontic load application.
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1. Introduction

A tooth root is attached to alveolar bone by a periodontal ligament (PDL),
a soft connective tissue consisting of collagen fibres and a matrix phase with
nerve endings and blood vessels [1, 2]. Because of the low stiffness the PDL
has a central role in the tooth mobility [3] and acts basically as a physiological
mechanism responsible for the teeth movements and teeth reaction to loading
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[4, 5, 6]. The long-term force action on the tooth is characterized of its nearly
instantaneous displacement in the PDL with a subsequent relaxation of the
stresses during five hours of the load action [7]. At that the PDL reveals the
viscoelastic and time-dependent properties [8, 9, 10, 11, 20, 13].

An analytical model of the initial (instantaneous) translational displace-
ments of the tooth root in the PDL under the static load action has been
proposed in study [14]. This model has several advantages compared with
other known analytical models [15, 16]. These advantages are the possibility
to use arbitrary elastic constants for the PDL tissue and assess stresses in the
PDL without simplifying assumptions. The static model developed in paper
[14] permits also to evaluate the stress-strain state of the PDL throughout
its thickness. The direct and logical evolution of this model seems to be tak-
ing into account the viscoelastic properties of the periodontal ligament. Such
model allowing for both the stress relaxation and slow displacement of teeth
could be employed in the real clinical practice for the bone reconstruction
during the orthodontic treatment.

Analytical modelling of the PDL viscoelastic response under the tooth
long-term loading were carried out in references [17, 18, 19]. In particular, in
[17], a nonlinear viscoelastic constitutive model was adopted to describe the
relaxation phenomena in the PDL that consistent with experimental data
about dependence of relaxation rate on the level of applied strain. The pro-
posed model allows with sufficient accuracy to evaluate the PDL behavior
under the high rate loading and large strains of the PDL tissue. At the same
time, modelling of the tooth roots motions in the viscoelastic PDL was not
carried out in [17]. The mathematical model with single degree of freedom
to define the initial posterior tooth displacement in the viscoelastic PDL as-
sociated with functioning interproximal contacts was developed in paper[18].
This model is described by ordinary differential equations with constant co-
efficients and allows to simulate the short-term movements of the teeth at
the occurrence of the contact between the adjacent teeth. In [19] a math-
ematical model for description of experimentally observed viscoelastic and
time-dependent behaviours of the PDL was developed. The analysis is fo-
cused on the evolution of translational displacements of the tooth root in
the PDL under the vertical load (intrusion). The calculated tooth-root dis-
placement with time at a constant load allowed comparing the behaviour
of the viscoelastic model with the fractional exponential kernel with that of
the known nonlinear viscoelastic model of the tooth-root movement devel-
oped in the studies [20, 18]. Proposed in [19] model allows generalization of
the known analytical models of the viscoelastic PDL by introduction of the
instantaneous and relaxed elastic moduli, as well as the fractional parame-
ter. The advantage of this model is in the use of the fractional parameter
improving the description of various pathological processes and age-related
changes in the PDL. The fractional parameter makes it possible to take into
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account different behaviours of the periodontal tissue under short- and long-
term loads. For instance, it allows assessing the change in the time interval
of a transition phase for a given maximum displacement.

The aim of this study is to develop a 2-D analytical model of the PDL
viscoelastic response which would permit to predict the stress-strain state of
the PDL characterized by the phenomena of relaxation and the continuing
translational movement of the tooth root as well. A 2-D model is quite suf-
ficient to describe the PDL behavior during the translational movement of
the tooth root, with the exception of the small PDL regions near the root
apex and the alveolar crest. This is due to the conclusions of studies [15, 16],
that the vertical displacements of the PDL points are very small and can be
neglected, with the exception displacements of the PDL points at the regions
near the apex and the alveolar crest.

2. Viscoelastic model of the PDL

It is assumed that at the initial time moment the tooth root is shifted hori-
zontally at a distance ug. The cross-section of the tooth root is circular in the
any plane perpendicular to the longitudinal axis of the tooth. The tooth root
is considered as the rigid body compared to the PDL tissue [21]. Positions of
the root section before and after the displacement, as well as the geometric
dimensions of the root cross-section are shown in Figure 1.

FIGURE 1. Positions of tooth root in sectional plane before
and after displacement on the distance ug: 1 — outer contour
of the PDL fixed on dental alveolus surface; 2 — position of
cross-section of tooth root before load action; 3 — position
of cross-section of tooth root after load action; ug is the
tooth root displacement in the z-direction; r( is the radial
coordinate, ¢ is the polar angle.
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In the polar coordinate system rg, ¢ (see Figure 1), the constitutive
equations for the viscoelastic PDL are taken in the form:
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where 0,1, 070,04, and €pp, €rp, €y are the components of the stress and
strain tensors, respectively; A = (1725% and p = % are Lame pa-
rameters; Fy and v are the instantaneous modulus elasticity and Poisson’s
ratio of the PDL (v=const); K (t) is the relaxation kernel for the normal
and shear components of stresses; u,(ro, ¢,t), uy(ro, @, t) are the radial and
circular displacements of the PDL points, respectively.

The strain tensor components are
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Equations (2.1) and (2.2) consistently employ in the equations of the
PDL motion
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where p is the density of the PDL tissue.
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The substitution of (2.1) and (2.2) into Eqs. (2.3) results in the following
system of integro-differential equations:
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The above equations may be rewritten in the dimensionless form:

t
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Here, u(r, p,t) = , v(ryp,t) = are the dimensionless dis-
placements, 7 = %2 is the dimensionless radial coordinate, h is the tooth root

height, ¢ = 5::2 (1 +v)(1 — 2v) is a dimensionless parameter, and to is the
0

characteristic time.

The time of the stress relaxation in the PDL is obviously about five
hours [7]. In our study, the characteristic time is assumed as to = 1 h. In
this case a dimensionless parameter € turns out to bee very small, and equa-
tions (2.4) become the singularly perturbed ones with respect to the inertia
terms. When ¢ — 0, equations (2.4) degenerates into the stationary ones
studied in reference [14].

It is assumed that during the tooth root translational movement in the
PDL, the required displacements can be represented as products of indepen-
dent functions

u(r, o, t) = uy(r,t) cos(p), v(r,@,t) =v1(r,t)sin(yp). (2.5)

Inserting (2.5) into equations (2.4) yields the following system of equa-
tions:
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with the differential operators A;; defined as
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Let us apply the Laplace transform to equations (2.6) with the initial
conditions
u1(r,0) = ua(r), vi(r,0) = va(r),
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where us(r) and va(r) are the initial displacements of the PDL points emerg-
ing after the instantaneous shift of the tooth root by the distance ug (see
paper [14]).

As a result, one obtains the system of differential equations

2
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with respect to the functions uj(r,p), v} (r,p) being the Laplace transforms
of uq(r,t), v1(r,t), respectively. Here
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It should be noted that equations (2.8) turn out to be regularly per-
turbed by a small parameter €. Their solution may be sought in the form of
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asymptotic series:
o0 o0
uilr,p) =Y ubi(rop)e o (rp) = Y vi(rp)e" (2.9)
k=1 k=1

Overview of the ranges of Poisson’s ratios and elastic moduli for the
PDL indicates that their lowest values are 0.28 and 0.01 MPa, respectively
[1, 22, 23, 24]. The density of the PDL tissue is equal to 1.06 g/cm? [28].
The tooth root height is assumed to be 13.0 mm, the thickness of the PDL
along the normal to the inner surface is about 0.229 mm [15]. Commonly
used the elastic constants are Ey = 680 kPa and v = 0.49 [15, 25, 26, 16].
For the geometric and time-material constants mentioned above, the small
parameter £ amounts approximately to 6.06-10716.

The substitution of expansions (2.9) into equations (2.8) results in a
sequence of differential equations for functions g, vj,. Let us consider here
only the first two approximations. They produce the following two systems:

Craug, (1, p) + Cravg, (r,p) = 0,

2.10
Cortty (1. p) + Contiy (r,p) = O, (2.10)
and
—p(uz(r) — pug; (1, p)) + Craugy(r, p) + Ciavge(r,p) =0, (2.11)
—p(v2(r) — pvgi(r,p)) + Ca1uge(r, p) + Co204,(r, p) = 0, '
where
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are the differential operators.
The solution of equations (2.10) is the following [14]:
ual (7’, p) = 601(1 — 41/)7"2 -+ CTE — ﬁ + Co3 111(7“) + o4,
Co2 Co3 (2.12)
’Ugl (T‘, p) = 001(5 — 41/)7'2 —+ T — m — Co3 ln(r) — Co4,

where cgi, are unknown constants, ¥ = 1,4. Taking into account the initial
displacements us(r) and vo(r), the solution of equations (2.11) can be repre-
sented in the form of functions

u62(7’7 p) = b13T4 + b237’2 111(7’) + b33 + b43T2,

2.13
V(1 p) = frar* + fozr? In(r) + faz + fazr? (213)
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with the coefficients
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Unknown constants cgi, k = 1,4 are determined numerically via the
inverse Laplace transform of the solutions of equations (2.9) and functions
(2.12), (2.13) as well taking into account the following boundary conditions:

ul(b, 0) = U, (%} (b, 0) = Uo, ul(bl, 0) = O, (%) (b, 0) =0. (214)

The inverse Laplace transformation was performed using the geometric
dimensions b and by of the cross-section corresponding to the tooth root in
the shape of a circular paraboloid; the radius of the inner tooth surface at the
alveolar crest level was 3.9 mm [15]. The viscoelastic properties of the PDL
are described by model with fractional derivatives [29]. It was introduced by
Rabotnov in the following form [30, 31]:

A DERZAEE — VRN (740 Ll
5”( ) 7 2 Ty

where 0 < v < 1 is the fractional parameter. Note that the Rabotnov’s
function is a special case of the classical Mittag-Leffler function widely used
in fractional models (see [32, 33]). The parameter v and retardation time
7s for the model of viscoelasticity model with fractional exponential kernel
were taken as 0.3 and 550 s, respectively [19]. In accordance with study [7],
it was suggested that the stresses relaxation in the PDL after starting the
load action (and subsequent instantaneous displacement of the tooth root in
the PDL) occurred within about five hours.

2.1. Evolution of stresses in the PDL

Patterns of the radial normal component o,,.(r, ¢, t) of stresses in the PDL
for points of time ¢; = 0.25 h, to =1 h, t3 = 2 h and t4 = 5 h are shown in
Figure 2 (—7/2 < ¢ < 7/2). Elastic constants for the PDL were taken to be
equal to E = 680 kPa and v = 0.49 [15, 25, 26, 16]; the height of the tooth
root was 13.0 mm, thickness of the PDL along normal to its inner surface
was 0.229 mm [15]. The radii of the inner and outer surface of the PDL
corresponded to the middle third of the tooth root in the form of a circular
paraboloid (radius of the tooth cross-section at the alveolar crest level was
equal to 3.9 mm). The load applied to the tooth was 1 N; due to this load,
the instantaneous dimensionless initial displacement was ug = 18.15 - 1076
[14].

3

3

)
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FIGURE 2. Patterns of the radial normal components o, of
stresses in the PDL for different point of time: 1 —¢ = 0.25 h;
2-t=1h;3-t=2h;4—-t=5h.

It is seen from Figure 2 that the radial stresses throughout the PDL
thickness change significantly. For any point of time and for the fixed radial
coordinate, the circular stresses at the PDL outer surface almost are equal
to zero. The stresses pattern (see Figure 2) corresponds to the compressive
region (m/2 < ¢ < 37/2) of the PDL located in the direction of the tooth
root movement. The patterns of the tensile radial stresses with respect to the
coordinate origin are symmetric to the corresponding patterns of the com-
pressive stresses for the same point of time. The maximum and minimum
radial stresses occure on the PDL inner surface at ¢ = m and ¢ = 0, respec-
tively. The patterns of the circular component o, of stresses on the radial
and circular coordinates for various points of time are similar to the patterns
shown in Figure 2.

Figure 3 shows the radial component o, of stresses versus time for a
point on the PDL inner surface at ¢ = 0 for different initial displacements.
The geometric and material constants as well as the conditions of the load
application were the same.

Figure 3 depicts that the larger the applied load is, the longer period of
time for the total relaxation of stresses in the PDL is required.
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kPa

Gyps

F1cure 3. Radial component o,(b,0,t) of stresses vs time
for the point on the PDL inner surface at ¢ = 0: 1 — ug =
18.15- 1075 (correspond to load of 1 N applied to crown of
the tooth root); 2 — ug = 90.75- 10~ (correspond to load of
5 N applied to crown of the tooth root).

2.2. Effect of Poisson’s ratio on the normal component of stresses

Frequently used Poisson’s ratios, along with 0.49, are 0.30 and 0.45 [1, 22,
23, 24]. Employing of different Poisson’s ratios from such large range can
significantly affect the results of the finite-element and analytical modelling
of the PDL behavior under the static and dynamic loading. So, study [14]
has revealed that the instantaneous initial displacement ug could change con-
siderably (about to four times) at the change of Poisson’s ratio from 0.30 to
0.49. Tt has been also found that the Poisson’s ratio significantly affects stress
components, as well as the stresses regimes in the linearly elastic PDL. At
the same time, the influence of the Poisson’s ratio variation on the time-
dependent stresses in the viscoelastic PDL was not analyzed. The patterns
of the normal radial stresses in the PDL with Poisson’s ratio 0.30, 0.45 and
0.49 at the point of time 2 h are shown in Figure 4. The geometric and other
material constants as well as the load were taken as above.

Figure 4 shows that the Poisson’s ratio significantly affects both the
magnitude of the radial stresses in the PDL and the stress distributions.
The lower Poisson’s ratio is, the smaller the stresses magnitude becomes. At
the same time, decreasing Poisson’s ratio leads to increasing the difference
between the radial stresses at the inner and outer PDL surfaces. So, for
Poisson’s ratio v = 0.49, this difference is 0.7%; for Poisson’s ratios v = 0.45
and v = 0.30, they are about 3.1% and 9.5%, respectively.
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FIGURE 4. Patterns of the normal radial stresses o,..(r, ¢, t3)
in the PDL for the point of time ¢3 = 2 h at different values
of Poisson’s ratio: 1 — v =0.49; 2 — v = 0.45; 3 — v = 0.30.

3. Conclusions

In this study, the analytical model of the viscoelastic PDL based on frac-
tional viscoelastic model was proposed. It allows to assess the time-dependent
stresses in the PDL after the tooth root translational displacement. Parame-
ters for the kernel of relaxation were defined under the assumption that the
relaxation of stresses in the PDL tissue occurs in about five hours after defi-
nition of the initial displacement of the tooth root. The analysis of performed
calculations allows us to make the following conclusions:

e  The normal radial and circular components of stresses decrease through-
out the thickness of the PDL (from its inner surface to the outer one).
Damping of stresses occurs faster for small initial displacement; the
larger initial displacement is, the more time for the stress relaxation is
required.

e If the PDL is nearly incompressible (with Poisson’s ratio v = 0.49),
the normal stresses are changed significantly over the PDL width. The
values of Poisson’s ratio significantly affects stresses in the PDL tis-
sues. The normal stresses decrease together with Poisson’s ratio, the
difference between stresses on the inner and outer surfaces of the PDL
increasing. Therefore, Poisson ratio may significantly effect on the out-
comes of the practical assessment of the PDL behavior based on the
linear elastic and viscoelastic models.

e  Further development of the proposed model can be associated with
the 3-D analytical modeling which would enable to describe the dynamic
behavior of the viscoelastic PDL under various loads applied to the tooth
root taking into account its real 3-D shape.

The outcomes obtained in this study can be used for simulation of the
bone remodelling process during the orthodontic treatment and for assess-
ment of the optimal conditions for the orthodontic load application.
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