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RETRIEVAL OF SPECTRA FROM INTERFEROGRAMS 
WITH A SMALL OPTICAL PATH DIFFERENCE 
USING A GENETIC ALGORITHM

I. M. Gulis* and A. G. Kupreyeu UDC 681.785.57+543.42

We propose a method for retrieval of an optical line spectrum limited to a narrow spectral range using a short 
interferogram, based on the use of a multi-stage genetic algorithm. We have run simulations for the example of 
spectra with lines having wavenumbers lying in the 100 cm–1 range, and the maximum optical path difference for 
the interferograms was 1200 μm. We show that the spectral resolution can be improved by a factor of 3–4 compared 
with Fourier transform estimation.
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Introduction. Interference spectral instruments have high luminosity, low signal-to-noise ratio as a result of 
multiplexing, and a broad working spectral range. Retrieval of the spectrum in conventional Fourier transform spectroscopy 
is based on the Wiener–Khinchin theorem, relating the power spectral density for a stationary random process to its 
autocorrelation function (interference pattern or interferogram) by means of a Fourier transform [1]. In this case, the 
theoretical spectral resolution is inversely proportional to the maximum optical path difference, and therefore it is low in 
compact instruments.

It is diffi cult to substantially improve the resolution of compact instruments strictly with hardware. Fast continuous 
scanning, used in popular laboratory Fourier transform spectrometers, requires a high-precision drive and constant operating 
parameters of the instrument for high-quality retrieval of the spectrum, which is complicated to achieve in a small instrument [2]. 
Experimental systems using scanning of the optical path difference in a more compact size (for example, using a Wollaston 
prism [3] or in a standing-wave interferometer [4]) do not provide a substantial increase (by a factor of 3–5) in the spectral 
resolution and generally form a poorer quality interferogram. Recording a stationary interferogram based on a multi-element 
photodetector makes it possible to dispense with the scanning mechanism and thus to reduce the size of the instrument [5–7]. 
However, due to the small number of pixels in the detector, an increase in the length of the interferogram causes narrowing 
of the spectral range for retrieval.  Parallel recording of sections of the interferogram on a two-dimensional photodetector 
and "splicing" them into one interferogram with a large effective length requires, in addition to complicated post-processing, 
an increase in the dimensions of the optical part of the instrument while maintaining light beam homogeneity [8]. Recording 
the interferograms from different spectral intervals on different regions of the same two-dimensional array decreases the 
infl uence of noise at individual frequencies on the rest of the spectrum, but the spectral resolution for each of the intervals 
remains poor since the interferogram is short [9].

Alternatives to the Fourier transform method for spectral estimation in some cases (more often for quasi-line 
spectra) let us improve the spectral resolution without increasing the maximum path difference. For example, knowing 
the mathematical model for the signal a priori in autoregression methods [10, 11] and eigenvector methods [12] lets us 
estimate the characteristics of the interferogram beyond the recorded segment. Disadvantages of these methods include 
the nonlinearity of the spectral estimation, the problem of selecting the parameters for correct retrieval, and the decrease in 
accuracy as the signal-to-noise ratio decreases [11, 13]. Another approach is based on describing the intensity distribution 
at the exit from the spectral instrument using an integral equation. In the simplest case, it is reduced to a system of equations 
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that can be solved in the presence of noise by regularization [14] or singular value decomposition [15]. Expansion of the 
kernel in eigenfunctions gives a more stable solution with better resolution and reduced noise level [16], but to do this we 
need an analytical description of the instrumental function for the interferometer, and it is not applicable to all types of 
interferometers. A nonparametric algorithm, determining the spectral estimation by the iterative method of regularization in 
the Cauchy–Gauss model, gives a spectral resolution exceeding the resolution for both the conventional and some alternative 
methods, but may retrieve spurious lines [11].

We consider the possibility of retrieving spectral information using a "short" interferogram (for a small optical path 
difference), based on the following considerations. We can assume that using an interferogram for a spectrum lying in a 
narrow range has advantages over the limitation to only the Nyquist frequency typical for most spectral estimation methods. 
First of all, according to the generalized Kotelnikov theorem, the number of readings required for the retrieval decreases, 
which is important when using pixel photodetectors. Secondly, the infl uence of noise on the individual spectral segments is 
reduced over the entire interferogram [9]. Due to the smaller size of the instrumental function matrix, the error in spectral 
estimation by solution of an integral equation, reduced to an ill-posed system of equations [16], decreases and consequently 
the spectral resolution increases [14]. Lowering the dimension of the spectra/solutions space lets us use a genetic algorithm 
(GA) to search for the solution.

The GA approach is a type of heuristic (non-rigorous) method for solving optimization problems. During operation 
of the GA, the set of variants for the solution to the studied problem is transformed by means of "crossover," "mutation," 
and "selection" procedures and drifts toward promising regions of the solution space, defi ned by the extrema of the target 
function. Selection stimulates choosing solutions with better (closer to the extremum) values of the target function; crossover 
promotes convergence to the optimal pattern found; mutations permit a search in solution space. Genetic algorithms are 
popular because of their simplicity, the possibility for using them together with other optimization methods, and their 
suitability for parallelization; they are suitable for solving any problems which can be formulated in optimization terms 
[18]. Since no general-purpose optimization algorithm exists that has the best performance in all classes of problems [19], 
the advantage of a genetic algorithm over other heuristic algorithms can be demonstrated in specifi c types of problems. 
In optics and spectroscopy, genetic algorithms have been successfully applied for analysis and processing of spectra [20], 
approximation of the phase shift in interferograms [21], retrieval of multispectral images [22], and spectral calibration [23].

The use of genetic algorithms is effective for solving an ill-posed problem (in this case, fi nding the spectral distribution 
corresponding to the recorded segment of the interferogram) if an external mechanism is available for screening out wrong 
solutions (local extrema of the target function) to which sometimes the calculation converges [24]. However, successful 
examples are known for the use of genetic algorithms without additional evaluation of results for solving ill-posed problems 
with a high noise level [25].

In this paper, we consider the prospects for a GA-based method for obtaining a stable spectral estimation of a section 
of the interferogram for a light beam with a line spectrum (in principle, the method lets us work with arbitrary types of 
spectra) in a narrow spectral range. A narrow range can be identifi ed, for example, by using a dispersive element crossed with 
a static interferometer and detection on a two-dimensional array detector as in [9].

Description of the Method. The proposed method operates on an interferogram Iorig for radiation whose spectrum 
must be retrieved, and a set of calibration interferograms Mcal for nearly monochromatic sources, recorded on the same 
instrument (in the current version, the interval between wavenumbers for the calibration lines is 4 cm–1). We are looking for 
a spectral estimation S:  a matrix composed of columns of wavenumbers νi and intensities Ai for m lines:

 S = [νi|Ai], νi  ∈ [νmin, νmax], Ai  ∈ [0, 1], 1,i m= ,  (1)

for which the difference between its interferogram Ifound and the original Iorig is minimum for some target function:

 
found origarg min || ||,

S
I I−   Ifound = M*A ,  (2)

where M* is a matrix whose rows are the interferograms for lines of unit intensity with wavenumbers νi. Each interferogram 
Mj

* is obtained by interpolation (extending with respect to frequency and averaging over the intensity) for two calibration 
interferograms from the set Mcal for the wavenumbers nearest to νj. In order to improve the quality of the retrieval and speed 
up the calculations in the cycle, the interferograms Mcal are interpolated beforehand using cubic splines for up to 10 times 
more readings. Our method includes fi nding and refi ning the spectrum/solution (run cycle) and generalizing the results of 
several such cycles (Fig. 1).
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An elementary iteration in the GA (Fig. 1a) is performed on a set of N line spectra using m spectral lines in each 
(a line is defi ned by frequency and intensity). In the generation calculation step, the target function is calculated for each 
spectrum (in the text below, "better" means a spectrum with a smaller target function). The best results with respect to the 
accuracy of convergence of the result are displayed by two types of target functions: the norm of the variation

 fnorm(I ) = ||ΔI – M [ΔI ] ||2, ΔI = Ifound – Iorig ,  (3)

and the norm of the fi nal differences between the interferograms

 fdiff (I ) = (|ΔIfound – ΔIorig|)1/2, ΔIfound = Ifound k – Ifound k+1, ΔIorig = Iorig k – Iorig k+1, 0, 1k n= − ,  (4)

where M [ΔI ] is the expectation value for the difference between the interferograms; n is the number of readings in the 
interferogram. The target function (3) estimates the pointwise similarity of the interferograms, (4) estimates similarity from 
the differentials, favoring those variants of the spectra with similar intensities. In order to reduce the probability of falling 
on a local minimum, besides increasing the role of mutations, the indicated target functions are also alternated in different 
iterations of the run cycle (in the current version, one iteration with fnorm after every two iterations with fdiff ). In order to 
eliminate the appearance of lines with close frequencies, we use a multiplicative factor, increasing the value of the target 
function for each pair of lines spaced <0.5 cm–1 apart (the a priori resolution limit).

After sorting and ranking the spectra according to the value of the target function, the next generation is created. It 
consists of Nelite "elite" spectra, Nxover crossover child spectra, and Nmut mutation children, while the size of the generation 
remains unchanged: N = Nelite + Nxover + Nmut. Some of the best elite spectra (fi ve in the current version) pass to the next 
generation unchanged; the rest of the generation is created from the crossover and mutation results in equal proportions. 
To do this, using uniform selection we select 2Nxover + Nmut "parent" spectra (the same parent can participate more than 
once). Uniform selection makes sure that the "parent" is sampled with probability proportional to the reciprocal root of the 
number of the spectrum in the general fi tness rank for the given generation, after which the parent spectra are additionally 
randomly mixed. 2Nxover parent spectra participate in the heuristic crossover, in which the lines of the child spectrum acquire 
characteristics intermediate between the characteristics of the lines for the two randomly selected parent spectra, but closer 
to the better one:
 xchild = xworsePar + rxover(xbetterPar – xworsePar) ,  (5)

where x is the intensity or wavenumber of the line; the subscript "child" marks the characteristics of the child spectrum, the 
subscripts betterPar and worsePar mark the better parent spectrum and the worse parent spectrum; the empirical coeffi cient 
rxover = 1.2. The mutation children are created by applying a normally distributed variation N(0, 12) in wavenumber ν and 
intensity A to the lines of the parent spectra. The amplitude of the variation decreases linearly with an increase in the number 
of the generation, ensuring stability of the convergence, but does not drop down to zero in order to preserve the variability 
of the results:

Fig. 1. Flowchart for spectral estimation algorithm: creation of the generation (a), 
iteration of the genetic algorithm (b), and creation of the fi nal result (c).
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where g is the number of the generation; Ngen is the total number of generations, the subscript "par" indicates the parameters 
of the line in the parent spectrum, the empirical coeffi cients rshrinkInt = 0.5, rscaleInt = 0.1, rshrinkFreq = 0.5, rscaleFreq = 0.01. The 
experiments showed that simultaneously changing the wavenumber and intensity of the line is rarely favorable (i.e., refi nes 
the solution or brings it out from the region of a local minimum), and so its probability is established as 0.1. In the remaining 
cases, one or the other is varied with equal probability.

The set of spectra obtained becomes the parent for the next generation, and the calculation is repeated. In the current 
version, after 40 generations the GA iteration is terminated (Fig. 1b). After one iteration, generally the interferogram is 
far from the original, since the method converges slowly. Increasing the size of the population by a factor of 2–5 does not 
have a substantial effect, and so in order to refi ne the result we perform several iterations, and the initial population for the 
next iteration is created from the result for the previous generation and the refi nement procedure (Fig. 1c). The refi nement 
procedure involves searching by trial and error for the position of lines in best spectrum obtained for which the target function 
is minimum (the entire working range is inspected in 0.4 cm–1 steps). According to estimates, the procedure reduces the value 
of the target function after 13 GA iterations by more than an order of magnitude compared with the version not including it.

Due to the stochastic nature of the genetic algorithm, the results of individual run cycles are different, and so we 
consider two approaches to obtain a more stable fi nal result. The fi rst approach is weighted averaging, in which the worst 
are discarded from the fi le of run cycle results, while the rest are summed with weights 1/score3 (score means the value of 
the target function for the given spectrum), increasing the contribution to the fi nal sum from the best results. In the second 
approach, using the nonparametric KDE estimation (kernel density estimation), we determine the centers of clusters of 
wavenumber groupings for the retrieved lines from the entire set of spectra with better correlation distance between the 
original and the retrieved interferograms. Only Ai ≥ 0.02 rel. units is used for the noise probability cutoff; the weights of 
the spectra are also taken into account in order to give preference to lines from the better spectra. The centers obtained are 
considered in terms of the wavenumbers for the lines in the result; their intensity is determined by the least-squares method 
with non-negative constraints (NNLS, non-negative least squares) using the matrix M * (NNLS was calculated by a function 
from the Octave mathematics software package). It seems that the KDE+NNLS procedure can more effectively estimate the 
frequencies of the spectral lines.

The proposed algorithm for the calculation demonstrated the best convergence and stability with respect to the outcome 
of experiments with several variants of the genetic algorithm and run cycles (the parameters of the genetic algorithm, the 
target function, the method for calculating the generation and refi ning the result were varied). For this problem, formal proof 
of the convergence to the optimal solution is diffi cult (it can be obtained only for the very simplest types of "individuals"), 
and so validation of the method involves a number of criteria [26], including determination of the range of applicability and 
comparison with known spectral estimation methods.

Results and Discussion. The interferograms for dual-beam interference of a light beam with a line spectrum, 
containing lines of intensity Ak = 0.01–1 relative units and wavenumber νk = 2902–3002 cm–1, was simulated with sampling 
along the x coordinate by superimposing normally distributed noise with variance σ = 0.001 and mean μ = 0:

 

2

1
( ) (1 ( ; , )) (1 cos 2 )

m

k k
k

I x N x A x
=

= + μ σ + πν∑  .  (7)

In order to take into account the pixel nature of the detector, as the reading of the interferogram at point x we took the sum of 
the readings for fi ve points in the vicinity of x, corresponding to a single pixel. In the fi rst series of experiments, carried out 
using eight tests with a random initial population of size 110 spectra for each type of problem, with length of the recorded 
segment equal to 1200 μm and 6001 readings (pixels), the number of lines in the spectrum was m = 8. Due to the stochastic 
nature of the algorithm, small variations in the lines (for example, splitting into a few closely spaced lines) can give similar 
interferograms and so estimation of broadened spectral patterns (the original and the retrieved patterns) is of interest. Below 
we present the results for a broadening of 2 cm–1, since such resolution is several times better than the conventional resolution 
and effectively evens out the indicated variations.

Note that the proposed method is preferentially used near the Nyquist frequency (for the indicated segment length 
and number of readings, this may be in particular the visible range). In this case, for a substantial (many-fold) lengthening of 
the section of the interferogram projected onto the detector (in order to increase the spectral resolution), less than two pixels 
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fall within one of its fringes. However, even in other cases, the method may be useful because of the simple measurement 
procedure and the little need for correction of the interferogram. In order to evaluate the suitability of the method in principle, 
the basic calculations were performed for the IR region of the spectrum, since in this region the number of interference fringes 
in the recorded section is substantially smaller than in the visible region, and interpolation of the interferograms is easier.

When retrieving a spectrum containing a single line at 2943.7 cm–1 with broadening up to 2 cm–1, the deviation of the 
maximum in the fi nal distribution is ≤ 0.1 cm–1 with respect to wavenumber and ≤3% with respect to intensity, and spurious 
lines are not retrieved (for broadening up to 0.1 cm–1, they were retrieved in four tests). In retrieval of the spectral distribution 
for a doublet of lines with identical intensity, spaced 2 cm–1 apart (2967.4/2969.4 cm–1), with broadening 2 cm–1 a better 
result is shown with KDE+NNLS treatment: wavenumber deviation ≤0.3 cm–1, intensity deviation ≤ 8% of the maximum. 
Instead of two lines, we retrieved one line in one test, while when using weighted averaging treatment, this happened in 
seven out of eight tests. A doublet of lines with identical intensity, spaced 3 cm–1 apart (2966.4/2969.4 cm–1), for broadening 
2 cm–1 was retrieved by both methods with comparable results. The wavenumber deviation was less for weighted averaging 
(≤0.2 cm–1 compared with 0.3 for KDE+NNLS); the intensity deviation was less for KDE+NNLS (≤ 15% compared with 
17% for weighted averaging). In one test, KDE+NNLS retrieved a spurious line with intensity ≤5% of the maximum, 
3.5 cm–1 away from the original line.

In randomly generated spectra with 5, 6, and 7 lines (distance between lines ≤2.1 cm–1), the quality of the retrieval 
depends substantially on the relative position of the lines and their intensity (we can arbitrarily divide them into small lines 
with intensity <30% of the maximum in the spectrum, and large lines for all the rest). In retrieval of a 5-line spectrum with 
broadening up to 2 cm–1, both methods showed similar results in estimation of the line position (wave number deviation
 ≤0.2 and ≤0.1 cm–1 for the large lines for weighted averaging). For KDE+NNLS, the intensity deviation is three times 
smaller (3% and 2%, compared with 10% and 3% for small and large lines respectively). Similar results are obtained for 
a 6-line spectrum with broadening up to 2 cm–1, but in this case for the small lines the wavenumber deviation increases 
(≤0.5 cm–1 using KDE+NNLS, and ≤0.7 cm–1 using weighted averaging) and the intensity deviation increases (20% using 
KDE+NNLS and 35% using weighted averaging). For the large lines, the intensity deviation is ≤3–4%. For a 7-line spectrum 
with broadening 2 cm–1, a better result is obtained when using weighted averaging: for large and small lines, the wavenumber 
deviation is 0.3 and 1.9 cm–1 and the intensity deviation is ≤16% and >50% (compared with 2 and 2.6 cm–1, ≤45% and >50% 
for KDE+NNLS). Furthermore, for weighted averaging, only in one test do we observe a spurious line with intensity 3% of 
the maximum (for KDE+NNLS, in fi ve tests the intensity reaches 25% of the maximum for the original).

Retrieval results averaged over eight tests for 5-line and 7-line spectra, broadened up to 2 cm–1, and also spectral 
estimation using an inverse Fourier transform, estimation with regularization of the minimum norm (MNS) [27] (regularization 
parameter 0.1) and ESPRIT [28] (rank of the covariance matrix 50, rank of the model 900) are presented in Figs. 2 and 3. We 
chose specifi cally these techniques for comparison because MNS is actually an alternative regularization method for solving 
problem (2), and ESPRIT is one of the most effective and noise-stable parametric methods for spectral estimation. On the 
whole, the quality of the retrieval by our proposed method is higher than for these analogs. With an increase in the number of 
lines, the accuracy of the retrieval by all the methods decreases. The weighted averaging result becomes more accurate and 
more stable than the KDE+NNLS result, which can be explained by the appearance of a large number of spurious clusters of 
lines and complication of the problem for NNLS. We can conclude that the quality of retrieval of the line is primarily affected 
by the total number of lines in the segment, the presence of adjacent lines and the relative intensity of the line compared with 
the others (when its intensity is <30% of the maximum in the spectrum and there are intense lines nearby, the accuracy is less). 
The variability of the individual results is characterized by a standard deviation which is <0.01 for a 5-line spectrum (Fig. 2a), 
<0.03 for a 6-line spectrum, and <0.05 for a 7-line spectrum (Fig. 3a), where it is minimum near the maxima of the retrieved 
lines and increased on their wings, especially for low-intensity lines.

For the possibility of spectral retrieval in the visible range (20,001–20,101 cm–1), we carried out retrieval of a 5-line 
spectrum, similar to that presented in Fig. 2, all other conditions being equal. Weighted averaging (Fig. 4a) shows some 
worsening of the retrieval accuracy, which is mainly explained by the increase in the interpolation error for an interferogram 
with a large number of fringes. The standard deviation in this case is practically the same as in the calculation for 
the IR region.

An important feature of our method is its applicability to different types of interferograms, such as those obtained 
as a result of multiple-beam interference. We carried out spectral estimation of the interferogram obtained for multiple-
beam interference on a rotating plane-parallel plate (analog of a Fabry–Perot interferometer) of thickness 200 μm with 
refractive index 1.5 and refl ection coeffi cients for the faces equal to 0.3 for a 5-line spectrum similar to Fig. 2a, in the range 
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Fig. 3. Results for spectral estimation of an interferogram for a seven-line spectrum using 
weighted averaging and broadening up to 2 cm–1 (a), inverse Fourier transform (b), 
MNS (c), and ESPRIT (d). The arrow indicates the position of the 2931.0 cm–1 line with 
intensity 0.24 rel. units, which is not visible after broadening on the background of more 
intense adjacent lines. Dashed line: original. Solid line: estimation.

Fig. 2. Results for spectral estimation of an interferogram for a fi ve-line spectrum using 
weighted averaging and broadening up to 2 cm–1 (a), inverse Fourier transform (b), MNS 
(c), and ESPRIT (d). Dashed line: original. Solid line: estimation.
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2902–3002 cm–1 for 6001 readings (Fig. 4b). The retrieval result has signifi cant similarity to the original, but the estimation 
accuracy is lower than in the case of a dual-beam interferogram. This is probably explained by the increase in the interpolation 
error due to the complex form of the interferogram, since in preliminary tests with more frequent calibration interferograms 
(every 2 cm–1), the retrieval error is lower (for example, the spurious band at 2965.9 cm–1 does not appear).

In the best of the results obtained, the relative interferogram retrieval error exceeds the noise level by only a factor of 
3–5, but in some complex spectra the retrieval result is unstable in this case. This suggests that for the parameters used, further 
refi nement of the result is diffi cult and for such cases the method needs to be modifi ed. Preliminary experiments showed that 
the result depends considerably on the number of interferogram sampling points, the length of the recorded segment, and 
the accuracy of the interpolation. The quality of the retrieval is affected by the number of lines m in the retrieval spectrum: 
the closer it is to the number in the original spectrum, the better the result. For some spectra, the retrieval accuracy can be 
increased by repeatedly running the algorithm, where the initial population for each run is created based on the previous 
result. It is theoretically possible to use a priori information about the spectrum in the calculation, such as the position of 
individual spectral lines. It is also important to develop a special interpolation for interferograms, for which fewer calibration 
measurements are needed while the interferogram retrieval accuracy is increased.

Conclusions. Study of the feasibility of using our proposed method for spectral estimation of a short interferogram 
in a narrow spectral range is promising because of the better quality of retrieval of the spectrum compared with some 
alternative methods, the simplicity of the measurement cycle (calibrated interferograms in a real spectrometer can be recorded 
immediately after fabrication, calibrating as needed), no need for post-processing or phase correction of the interferograms, 
and support for different types of interferograms. The most important disadvantage is the calculation time (on a dedicated 
server with an Intel Xeon E5/2.5 GHz single-core processor, it takes about 14–16 hours to obtain the fi nal solution using 
a program written in C++ for the indicated parameters of the method).The calculation can presumably be speeded up by 
parallelization of the steps in the calculation and by using more powerful computers. 
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