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In this talk we present some recent results on directional and Gateaux
differentiability of cone-convex and cone-paraconvex vector-valued func-
tions.
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Introduction. Location of the roots of the corresponding quasipoly-
nomials plays an important role in the investigation of stability differ-
ential equations with delay. Unfortunately, we still have no effective
algorithm for finding zeros of quasipolinomials.

In the present paper, we consider applications of the approxima-
tion schemes for differential-difference equations to approximate finding
nonasymptotic roots of quasipolynomials, and analysis of stability for
solutions of system of linear differential equations with delay.

1. Approximation schemes. Considered a linear system of differ-
ential equations with many delays

dx(t)

dt
=

k∑
i=0

Aix(t− τi), (1)

where x ∈ Rn, Ai, i = 1, k, – n× n are constant matrices, 0 = τ0 < τ1 <
. . . < τk = τ .

The quasipolynomial for system (1) is of the form

Φ(λ) = det(λE −
k∑
i=1

Aie
−λτi). (2)
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In accordance with the scheme [1–3], we associate with equation (1) the
system of ordinary differential equations

dz0(t)
dt =

∑k
i=0Aizli(t), li =

[
τim
τ

]
dzi(t)
dt = µ [zi−1(t)− zi(t)] , i = 1,m, µ = m

τ , m ∈ N.
(3)

For the characteristic equation of approximate system (3), we have the
following equality [2]

Ψm(λ) = det(λE −
k∑
i=0

Ai(
µ

µ+ λ
)li)(µ+ λ)mn. (4)

Moreover, the sequence of functions Hm(λ) = Ψm(λ)
(µ+λ)mn converges as

m → ∞ to quasipolynomial (2). This property we can use for ap-
proximate finding nonasymptotic roots of quasipolynomial (2). Since
zeros of functions Ψm(λ) and Hm(λ), we can take the zeros of charac-
teristic polynomial (4) as approximate values on nonasymptotic zeros of
quasipolinomial (2).

Theorem 1. [2] If zero solution of equation (1) is exponentially sta-
ble (not stable) then there exists m0>0 such that for all m>m0, zero so-
lution of system (3) is exponentially stable (not stable). If for all m>m0

zero solution of approximation system (3) is exponentially stable (not
stable) then zero solution of equation (1) is exponentially stable (not
stable).

2. Application. Using theorems we can obtain an effective algo-
rithm for stability analysis of the system

dx

dt
= Ax(t) +Bx(t− τ), (5)

where x ∈ Rn, A,B − n× n are fixed matrices, τ > 0.
When evaluating zeros of the characteristic equation of the approx-

imating system of ordinary differential equations for (5) with different
values of τ remaining stability of zero solution of the approximating sys-
tem, we find the delay domain τ , making system (5) to be exponentially
stable.

In the case where system with delay (5) is of the second order, this
algorithm is easy to apply. Numerical experiments show us that system
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(5) with matrices

A =

(
−0, 9 −6, 5

4, 8 −0, 9

)
, B =

(
−1, 39 −0, 65

0, 48 −1, 39

)
is asymptotically stable if τ ∈ (0, τ1)

⋃
(τ2, τ3), where τ1 = 0, 2862, τ2 =

0, 7141, τ3 = 1, 2142.
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The method of codifferential descent was developed by professor
V.F. Demyanov for solving a large class of nonsmooth nonconvex op-
timization problem in the mid-1990s [1]. Later on, several modifications
of this method designed specifically for solving convex and d.c. opti-
mization problems were proposed [2–4].

Recall that a function f : Rd → R is called codifferentiable [1] at a
point x ∈ Rd, if there exist compact convex sets df(x), df(x) ⊂ Rd+1

such that max(a,v)∈df(x) a = min(b,w)∈df(x) b = 0, and for any ∆x ∈ Rd one
has

f(x+∆x)−f(x) = max
(a,v)∈df(x)

(
a+〈v,∆x〉

)
+ min

(b,w)∈df(x)

(
b+〈w,∆x〉

)
+o(∆x),

where 〈·, ·〉 is the inner product in Rd, and o(α∆x)/α → 0 as α → +0.
The pair Df(x) = [df(x), df(x)] is referred to as a codifferential of f at
x. Clearly, a codifferential of f at x is not unique.

Let a function f : Rd → R be codifferentiable. One can utilize the
method of codifferential descent (MCD) in order to minimize this func-
tion. The scheme of this method is as follows.
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