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We analyze the dynamics of CO2 laser with a saturable absorber on the base of a model
for three- and two-level active and passive media, respectively. This differential model is
asymptotically reduced to a discrete one-dimensional map. The fixed point of such a map
corresponds to stable periodic spikes and determines their characteristics: period and the
energy. In addition, we describe the set of initial conditions which lead to spiking. With
initial conditions beyond this set, the system generates mixed-mode oscillations consisting of
both small-amplitude oscillations and large-amplitude bursts. Switching between coexisting
regimes is discussed.

PACS numbers: 05.45, 02.30.H,J
Keywords: laser dynamics, relaxation oscillations, asymptotic analysis

1. Introduction

Spiking as well as mixed-mode oscillations
(MMOs) are widely observed in chemical,
physical, biological systems, and artificial neural
networks, see reviews [1–3]. Spikes are called
pulses of short duration and high amplitude.
MMOs are regimes of a dynamical system in
which there is an alternation between oscillations
of distinct large and small amplitudes. It has
been shown that such a behavior is possible
in three-dimensional, at least, dynamic systems
with slow and fast variables (multiple-time-
scales systems). Spike-adding bifurcations and
transitions to periodic-chaotic mixed oscillations
were studied numerically. Several mechanisms
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leading to these phenomena were discussed,
in particular, the quasiperiodic route to chaos
on invariant 2-torus [4], the loss of stability
of Shilnikov homoclinic orbit [5], the canard
explosion [2].

Recently, a lot of attention had been also
paid to MMOs in laser and optical systems,
for example, in a semiconductor laser diode
with optoelectronic feedback [6, 8], and in
optoelectronic oscillators [7]. In this paper we
remind that one of the first experimental
observations of MMOs in CO2 laser with a
saturable absorber (LSA) were reported in [9, 10].
Later, in the paper [11], MMOs were obtained in
CO2 LSA operating in regimes of two longitudinal
modes.

The saturable absorbing filter installed in
the laser cavity is used for regeneration of
stable radiation pulses. The absorber controls
the dynamics by changing the intracavity losses
in dependence on the light intensity. The
stabilization of pulsing can be explained by the
well-known system of laser rate equations for the
light intensity and for the gain and absorption
coefficients [12]. In standard LSA models, both
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absorbing and active media were considered to
be ideal two-level. Such models with parameters
typical for class B lasers can describe spiking.
However, in fact, at least three or more energy
levels are involved into the pumping process and
population redistribution. If the relaxation rates
of the energy level populations are comparable,
then special operation regimes MMOs can be
observed. That is the case of CO2 laser.
Experimental studies of its dynamics [9–11] have
shown relaxation oscillations: narrow spikes and
pulses accompanied by undamped undulations on
their tails. Our aim is to analyze characteristics
of strongly non-linear pulsed solutions of the
corresponding system and to study conditions for
spiking and MMOs. We find bistability of spiking
and MMOs that has not been demonstrated in
previous researches.

The paper is organized as follows. In Section
2 we describe the original 4D-model [10] and
its parameters, and reduce it to the 3D-model
by assuming that the absorber is inertialess.
Both models demonstrate spiking and MMOs
numerically. The reduced model includes slow and
fast variables and can be considered as singular
perturbed. In Section 3, using special asymptotic
method, we describe analytically the solutions to
this system in form of spikes and get Poincare
map responsible for their dynamics. In Section 4
we discuss the dynamics of the map. A stable fixed
point of the map corresponds to stable periodic
spiking. In addition, it turns out that such a
fixed point can be only achieved with the initial
conditions from the limited basin of phase space
that is in contrast with the map for standard two-
level LSA model given in Appendix. When the
initial conditions outside of the basin, the system
demonstrates MMOs. Finally, we discuss possible
switching between coexisting spiking and MMOs
by single impact of intracavity loss.

2. Model of LSA with three-level
active medium

We rewrite the original 4D-model proposed
in paper [10] in normalized form,

du

dt
= vu(y − k − 1),

dy

dt
= q − y − yu+ γ1z,

dz

dt
= −γ2z + γ3y +

yu

2
, (1)

dk

dt
= γ4(β − k − αku),

where u(t) is the normalized radiation density,
y(t) and z(t) are proportional to the population
inversion in radiative transition 1 − 0 and in
transition 2 − 0, respectively; q characterizes the
pumping rate; v is the photon decay rate in
the cavity in the units of the rate of decay
of the population inversion y; β is unsaturated
value of the absorption coefficient k(t); α is
filter nonlinearity factor; γi is damping rate of
corresponding i-variable in units of population
inversion damping rate. Positive parameters and
positive functions u(t), y(t), z(t), k(t) are
physically meaningful.

For CO2 laser, the values of normalized
parameters can be estimated from data on the
relaxation rates in natural units given in paper
[10] as follows, v ∼ 2 · 103, γ1 ∼ 3.7 · 102,
γ2 ∼ 3.8·102, γ3 ∼ 2·10−2, γ4 ∼ 3·103, q ∼ 5÷50,
α ∼ 10−2 ÷ 0.3, β ∼ 0.3÷ 20.

To perform analytical studies, we obtain
a simplified model in which both spiking and
MMOs are possible. To this end we assume γ3 = 0
and γ4 → ∞, hence

k(t) =
β

1 + αu
.

The minimal model then reads as
du

dt
= vu

(
y − 1− β

1 + αu

)
,

dy

dt
= q − y − uy + γ1z, (2)

dz

dt
=

uy

2
− γ2z.
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For numerical simulations of system (2) we
used the following parameter values v = 3000,
q = 14.12, β = 3.08, α = 3.855, γi =
90 ÷ 120. Relaxation oscillations of two types
mentioned above are shown in Fig. 1. Fig. 1a
and Fig. 1b demonstrate MMOs with different
numbers of small oscillations in a pulse tail. Such
bifurcations can be observed under changing γi.
Fig. 1c presents the solution in form of simple
spikes at the same parameters as in Fig. 1a but
with different initial conditions. Thus bistability
of spiking and MMOs takes place.

It is natural to consider v ≫ 1 as a large
parameter. Note, this situation is typical for
class B lasers including CO2 lasers, semiconductor
lasers and some solid-state lasers as well.

3. Solution in form of spikes

Here we get an asymptotic approach for
pulsed solutions of Eqs.(2) by considering v → ∞.
Just for simplicity, we also set

γ1 = γ2 = r.

The method of investigation is following. The
phase space of system is the positive domain in
R3, i.e., the values u(t) > 0, y(t) > 0, z(t) > 0.
In this space, we shall distinguish a (fairly wide)
set S(ξ) of the initial conditions dependent on
the vector parameter ξ and consider the solutions
with initial conditions from this set. It is possible
to construct uniform asymptotic approximations
of all such solutions and show that after a certain
time these solutions again fall within S(ξ). Thus,
the operator of the shifting along the trajectories
is naturally determined. The properties of this
operator are mainly determined by the two-
dimensional map ξ̄ = f(ξ) (Poincarè map). To
a fixed point of the map there corresponds the
fixed point of the operator, and to the later point
there corresponds a periodic solution of the same
stability in the original system. Examples of the
investigation of similar systems were given in our
previous works [13, 14].

FIG. 1. Solutions of Eqs.(2) in form of MMOs
and spikes. Initial conditions and parameters are: a)
u(0) = 1, y(0) = 1.37, z(0) = 0.27, γ1 = 88.5,
γ2 = 80.9; b) u(0) = 1, y(0) = 1.37, z(0) = 0.27,
γ1 = γ2 = 88.5; c) u(0) = 1, y(0) = 1.33, z(0) = 0.26,
γ1 = 88.5, γ2 = 80.9. Other parameters are the same
in all cases: v = 3000, q = 14.12, β = 3.08, α = 3.855.

Let us determine the set of initial conditions
S(ξ), ξ = (c, d) so that at the moment t = 0 a
radiation pulse starts,

S(c, d) =
{
u(0) = 1, y(0) = c, z(0) = d

}
, (3)
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where the parameters can take values

c ∈
(
1 + β(1 + α)−1, q

]
, d ≥ 0,

in order to provide u′(0) > 0.

FIG. 2. Schematic graph of the pulsed solution u(t),
y(t), z(t) of system (2). Initial conditions are u(0) = 1,
y(0) = c, z(0) = d.

Denote t1, t2, ... the successive positive time
moments of the onset or the cessation of spikes,
for which u(ti) = 1 as shown in Fig. 3. Dividing
the evolution path into segments [ti, ti+1], for
which the estimates of function u(t) is known, we
integrate the system step-by-step asymptotically
under v → ∞. The solution values at the end of
the interval are used as the initial conditions for
the next interval. The terms of the order v−1/2

and smaller are included into o(1). The following
estimations take place.

1) Over the interval t ∈ (0, t1), a radiation
pulse has place. The pulse width t1 → 0 with
v → ∞. Within the interval, u(t) ≫ 1, at the
interval ends u(0) = u(t1) = 1. The function
y(t) decreases from y(0) = c to y(t1) < 1. The
function z(t) increases from z(0) = d to z(t1). In
order to find the system state at t1 we sum the
1st equation divided by v and the 2nd one, sum
the 1st equation divided by v and the 3nd one,

then integrate the sum from 0 to t1,

1

v

∫ t1

0
u̇dt +

∫ t1

0
ẏdt =

∫ t1

0
udt

+

∫ t1

0
(−β/α+ q − y + rz)dt,

1

v

∫ t1

0
u̇dt −2

∫ t1

0
żdt =

∫ t1

0
udt

+

∫ t1

0
(−β/α− 2rz)dt.

Keeping in mind that t1 → 0 under v → ∞ and
u(0) = u(t1) = 1, we get from above expressions,

y(t1) = c− p+ o(1),

z(t1) = d+ p/2 + o(1), (4)

where we denote

p =

∫ t1

0
u(t)dt.

Note, the integral p characterizes the pulse energy.
To obtain p value we integrate the 2nd equation
of system (2) and find y(t1) = c exp(−p) + o(1).
Thus, omitting small terms o(1), p is the positive
root of the equation

c− p = c exp(−p). (5)

2) Within the (t1, t2)-interval the function
u(t) takes asymptotically small values, u(t) ≪ 1.
The solution to Eqs.(2) takes the form,

y(t) = q + (c− p− q)e−t

+
r

r − 1
(d+ p/2)

(
e−t − e−rt

)
+ o(1),

z(t) = (d+ p/2)e−rt + o(1), (6)
u(t) = exp v

[
A(c, d, t) + o(1)

]
,

where

A(c, d, t)

= (q − 1− β)t+ (c− p− q)(1− e−t)

+
r

r − 1
(d+ p/2)

[
1− e−t − (1− e−rt)

r

]
.

The interval end t2 = T+o(1) when u(t2) = 1 can
be determined as the positive root of the equation

A(c, d, T ) = 0. (7)
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Now we note that the problem of further
constructing the solution for t > t2 has returned
to the original problem with the initial conditions
u(t2) = 1, y(t2), z(t2), which belong to the same
set S(ξ) with replacement of c by y(t2) = c̄+o(1)
and of d by z(t2) = d̄ + o(1). Thus we conclude
that iterations of the two-dimensional map

c̄ = q + (c− p− q)e−T

+
r

r − 1
(d+ p/2)

(
e−T − e−rT

)
,

d̄ = (d+ p/2)e−rT (8)

determine evolution of pulsed solution. In
particular, the stable fixed point (if exists) of
the map corresponds to the fixed point of
shifting trajectory operator Π, and, in turn, to
stable periodic pulsations in the original system.
Evidently, the inequality

T (c, d) > 0 (9)

should be fulfilled for each iteration of the map,
that provides pulsed structure of such solutions.

The following statement holds true.

STATEMENT 1. Assume that map (8) has
fixed point (c0, d0), and the condition c0 >
1 + β(1 + α)−1 is fulfilled. Then, with all
v values big enough, this point determines
the periodical solution, of the same stability,
u0(t, c0, d0), y0(t, c0, d0), z0(t, c0, d0) of Eqs. (2),
with the period

T0 = T (c0, d0) + o(1).

Remark 1. Since the rate r of population
redistribution is sufficiently large, the estimation
d̄ ≪ 1 is valid for any iteration of map (8).

Setting d = 0, instead of two-dimensional
map (8) we get the one-dimensional map,

c̄ = q + (c− p/2− q)e−T , (10)

where p = p(c) is the positive root of the equation

c− p = c exp(−p)

and T = T (c) is the positive root of the equation

A1(T, c) = 0, (11)

where

A1(t, c) = (q − 1− β)t+ (c− p/2− q)(1− e−t).

It is important to note that a positive root T (c) to
Eq. (11) exists only for c ∈

(
c1, cx

)
, c1 = 1+β(1+

α)−1. Indeed, consider the function A1(t, c) which
can have a local minimum for t ≥ 0, as shown
in Fig. 3. Since A1(0, c) = 0 and A1(t, c) → ∞
with t → ∞, then the positive root exists only if
A′

1(0, c) < 0. Taking into account the estimation
p ≈ c − 1/c, we get the condition A′

1(0, cx) =
−1− β + (cx + c−1

x )/2 = 0 to determine cx:

cx ≈ 1 + β +
√
(1 + β)2 − 1.

This value, which is the initial value y(0), limits
the attractive basin for spiking solution,

FIG. 3. The function A1(t, c) versus t at c = 2; 5; 9.
If c > cx there is no positive root of Eq.(11).

4. Fixed point of the map

We consider the dynamics of 1D-map (10)
since it approximated well 2D-map (8) if the
parameter r is sufficiently large that is the case
under consideration. Fig. 4a presents 1D-map (10)
for the parameters corresponding to the solution
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given in Fig. 1c. The map has the fixed point
c0 = 5.38. Linear analysis of map (10) in a local
vicinity of the fixed point shows that | c̄′c(c0) |< 1
that means the fixed point is stable.

From the condition A1(T, c0) = 0 we find
T (c0) = 0.265. This value estimates (with the
accuracy ∼ v−1/2) the spikes period when v →
∞. That corresponds rather well to the period
Tnum = 0.21 obtained numerically from the
solution of Eqs.(2) with v = 3000 and shown in
Fig. 1c.

FIG. 4. a) Map (10) for three-level LSA and b)
map (A.3) for two-level LSA, the parameters are q =
14.12, qk = β = 3.08, α = 3.88. Stable fixed points are
marked as c0. The value cx limits the attractive basin
for spiking solution.

Since the attractive basin of the fixed point
c0 is limited, we conclude that spikes are observed
in system (2) if the initial conditions are chosen
from the vicinity of the fixed point. If the initial
conditions are chosen far from the fixed point,

then the inter-pulse interval T tends to zero and
the system finds itself near unstable equilibrium
for some time. As a result, three-level LSA can
generate MMOs in form of pulses accompanied by
undamped undulations on their tails, Fig. 1a,b.

Let compare map (10) modeling three-level
LSA and map (A.3) modeling two-level LSA
which we give in Appendix. Both maps are shown
in Fig. 4b for the same parameters. Both maps
have a fixed point, however, the graph of map (10)
has negative slope and is determined in limited
interval c ∈ (c1, cx), while map (A.3) has positive
slope and is determined for all available c ∈
(c1, q). That is why spiking are typical regimes
in two-level LSA model with v → ∞.

5. Conclusion

We have studied relaxation oscillations in
the model of three-level LSA. By asymptotic
integration (with v → ∞) of the original
differential system we got the two-dimensional
Poincarè map which determines the dynamics of
spikes. The fixed point of the map corresponds
to the periodic spiking. By linear analysis of the
map dynamics in a vicinity of the fixed point we
conclude on the stability of the cycle. With the
fixed point value, such oscillation characteristics
can be obtained as the period, the spike energy
and the spike amplitude.

Based on the map we found the initial
conditions leading to spiking. The attractive basin
of the fixed point appears to be limited. That
implies coexistence of spikes and other attractors,
namely, MMOs are observed. For example,
in Fig. 5 we show switching between MMOs
and spiking by external impact of additional
intracavity loss at the appropriate moment of
impulse tail. Thus, in the domain of bistability
one can control oscillations by an external signal
which change the system state in the phase space
as it was proposed in papers [13, 14].
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FIG. 5. Switching between MMOs and spiking by
external impact of additional intracavity loss at the
moment marked by arrow.

Appendix:

The dynamics of a two-level laser with
instantaneous absorber can be modeled by the
following system [12],

du

dt
= vu

(
y − 1− β

1 + αu

)
,

dy

dt
= q − y(1 + u). (A.1)

The detailed bifurcation analysis of the
equilibrium state (CW generation) has been
provided in many researches, for example, see
[16]. Hopf bifurcation conditions corresponding
to appearance of a limit cycle were determined.
The domain of parameters was found at which
CW state and the stable pulsing coexist. The
description of “giant” pulses has been done, for
example, in [12]. Here we get Poincarè map
determined the dynamics of such spikes.

Set the initial conditions as follows,

S(c) =
{
u(0) = 1, y(0) = c

}
,

where

c ∈
(
1 +

β

1 + α
, q
]
,

and integrate the system asymptotically with v →
∞ by the above-described method.

1) Over interval t ∈ (0, t1) we have u(t) ≫ 1,
u(0) = u(t1) = 1, and y(0) = 0, y(t1) = c − p +
o(1), where the spike energy p is the positive root
of the equation c− p = c exp−p.

2)Over interval t ∈ (t1, t2) we have
y(t) = q + (c − p − q)e−t + o(1) and u(t) =
exp v[A2(c, t) + o(1)], where

A2(t, c) = (q − 1− β)t+ (ce−p − q)(1− e−t),

if u(t) ≪ 1. It is true until the moment t = t2(c) =
T +o(1). The value T = T (c) (inter-pulse interval
length) can be found as the positive root of the
equation

A2(t, c) = 0. (A.2)

Such a positive root T exists for any available c
values. Indeed, from Eq. (A.2) we have A2(0, c) =
0, A2(t, c) → ∞ with t → ∞ and A′

2(0, c) = −1−
β + c−1 is negative for any c ∈ (1 + β, q]. Thus
there is at least one positive root T of the equation
A2(T, c) = 0.

Note, the values of u(t2) = 1 and y(t2) =
c̄ + o(1) belong to the set of initial conditions
(Poincarè section). Hence, the dynamics of the
system for t > t2 is determined by iterations of
the one-dimensional mapping,

c̄ = q + (ce−p − q)e−T , (A.3)

where p = p(c) (pulse energy) and T = T (c)
(inter-pulse interval).

The following statement holds true.

STATEMENT 2. Assume that mapping
(A.3) has fixed point c0, and condition c0 > 1 +
β(1 + α)−1 is fulfilled. Then, with all v values
big enough and µ = 0, this point corresponds
to the periodical solution, of the same stability,
u0(t, c0), y0(t, c0) of Eqs. (A.1) with the period

T0 = T (c0) + o(1).

Map (A.3) has a single attractor, the stable
fixed point c0, as shown in Fig. 4b. To this

Nonlinear Phenomena in Complex Systems Vol. 19, no. 4, 2016
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point there corresponds the relaxation cycle of the
period T0 = T (c0). The definitional domain of the

map is c ∈ (1 + β(1 + α)−1, q].
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