
Nonlinear Phenomena in Complex Systems, vol. 19, no. 4 (2016), pp. 358 - 367

Something of Discrete Photonics: Discrete Diffraction and
Optical Flat Bands in Waveguide Arrays∗∗
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The one- and two dimensional waveguide arrays in the case of the electromagnetic wave
propagating only along the waveguide are discussed. The waveguide array consists of
alternating waveguides of positive and negative refraction indexes. On some particular
examples it is shown that the features of the spectrum are depended on number of waveguides
per unit cell. For example, the spectrum contains frequency gaps in the case of the unit cell
contains two waveguides. If the unit cell contains the three waveguides then the additional
pseudo flat band is appeared in 1D array. The coupled electromagnetic waves propagating in
2D array, which consists of alternating waveguides of positive and negative refraction indexes,
are discussed. In the case of the array having cross section in the form of face-centered square
lattice the flat band takes place.
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1. Introduction

Considerable recent attention has been focussed
on the photonic analogue (simulation) of the
condensed matter phenomena [1–6]. The base
principle of this analogue is best explained in
terms of the following comparison the electron
system with photonic system.

For electronic system

• The electrons are localized in individual
atoms in the crystal lattice.

• In the strong-coupling approximation
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the electrons in the crystal lattice are
characterized by the Wannier functions
that localized on the lattice nodes and
slightly overlap with Wannier functions of
the near neighbor nodes.

• Due to tunneling between atoms in the
crystal lattice, the electrons are delocalized.

For photonic system

• The photons are localized in individual
waveguides in waveguide array.

• In the strong-coupling approximation the
electromagnetic field is localizing field in
waveguides. The waveguide modes serve as
the Wannier functions.

• Due to distortion of total internal
reflection between adjacent waveguides,
electromagnetic wave is delocalized

The waveguides can be alternated by the micro-
cavities [7, 8].

In the following, the electromagnetic
waves propagating along the waveguide will
be discussed. The energy transfer between
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waveguides takes place only through the
field tunneling between adjacent waveguides
(i.e., through the evanescent field). In some
instances the waveguides can be replaced by
the micro-cavities. If the waveguides or the
micro-cavities are consolidated in a periodic one-
or two dimensional array the spectrum of the
electromagnetic field is changing. The prohibited
frequency gaps are emerged the electromagnetic
wave spectrum. That gives a basis to denote such
periodic structures as photonic crystals.

Fabrication of the artificial materials with
unusual optical properties [9–11] opens up new
fields of use in the photopic crystal and similar
structured materials.

The aim of the present paper is to describe
some phenomena of the discrete photonic.

2. Diffraction and refraction in
waveguide array

In this section the one dimensional array
of waveguides, arranged in parallel to each
other will be considered. Waveguide array of
this kind is the simple optical system, which
represents the discrete diffraction. It is likely
the first demonstration of this phenomena is
the investigation of the multi-channel optical
waveguide directional coupler [12].

If light is launched to one of the waveguides
then with propagation along the waveguide
electromagnetic field penetrates to a neighboring
waveguides. After propagation of coupling
distance Lc, due to phase matching condition
(all waveguides are identical as expected),
electromagnetic wave spreads to the neighboring
waveguides and then subsequently to a following
near neighbors including original waveguide. It
was shown [12] that intensity of radiation in
n-th waveguide In is determined by the following
expression

In(z) = I0J
2
n(2Kz),

if the In(z) = I0δn0. Here Jn(z) is Bessel’s
function of n-th order, K = π/Lc is coupling

constant of the neighboring waveguides, and z
is distance along the waveguide. On the other
hand, the light intensity in n-th order of the
diffraction on the thin phase grating (the Raman-
Nath diffraction regime) is determined by the
same formula. Hence, 1D waveguide array can be
considered as a thin phase grating.

In case of diffraction in continuous medium
the angle of diffraction θD is determined as
θD = (λ/a)nref . In the waveguide array the
divergence angle is defined in the following way
θ = r/Lc. Here λ is a wavelength, a is a
diameter of the beam, nref is a refraction index
of continuous medium, r is a distance between
waveguides (order of the characteristic transverse
size of a waveguide). Waveguide array can be
viewed as continuous medium with effective index
of refraction nef of such value that provides
diffraction angle θ for the light beam of the
diameter r = a. From this definition follows that

nef = ra(λLc)
−1 ≈ a2(λLc)

−1. (1)

Inverse value of the coupling length is equal to the
coupling constant K = π/Lc, hence nef ∼ K.

In [13, 14] numerically investigated the
passage of radiation from the line of waveguides,
characterized by coupling constant K1, into the
other line of waveguides with coupling constant
K2. It was assumed that the diameter the same
in both waveguides arrays. It has been shown that
the passage of radiation from one array to other
waveguide array is characterized by the relation

K1 sin θ1 = K2 sin θ2, (2)

which plays a role of the Snell’s law in a discrete
system under consideration.

Fig. 1 illustrates the diffracted wave
refraction at the boundary line of the waveguide
with a positive refractive index (PRI) (for her
K1 = Kp) and the line of the same waveguide,
but with a negative refractive index (NRI) (for
her K2 = Kn). In numerical simulation beginning
with zero up to 30th waveguides have PIR, and
beginning with 31th waveguides have NIR. The
boundary between PRI part of array and NRI one
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is placed between 31th and 32th waveguides. The
radiation is injected into 20th waveguide. The left
panel represents the result of simulation. Scheme
of the refraction on the boundary between PRI
and NRI parts of the waveguide array is shown
on the right panel.

FIG. 1. Refraction on the boundary of two waveguide
arrays. Subindexes "1" and "2" are referred to the
waveguide arrays with positive and negative indexes
of refraction respectively.

The validity of the discrete analog of the
Snell relation was tested [14]. Fig. 2 shows good
agreement between the numerical results and the
qualitatively derived equation (2).

FIG. 2. Illustration of the Snell’s law. Solid line
corresponds to (2). Points are represented the results
of numerical simulation of the discrete refraction.

Note that the angle of incidence at the
interface of two arrays cannot be controlled
by the angle of incidence at which light is
initially launched into array. Electromagnetic
wave either travels along the waveguide, or
does not propagate at all. This indicates
the difference between the considered discrete

medium presented by array of waveguides and
photonic crystals.

3. Generalization of the waveguide
array

Pair of linearly coupled waveguides with opposite
signs of the refraction index has been considered
in [15, 16]. It has been found that the linear
spectrum of electromagnetic waves in such
waveguide system has a forbidden band or gap.
The emergence of the gap is due to the forward
and backward waves interaction in this opposite
directional coupler.

3.1. Bundle of waveguides

If the M pairs of waveguides with alternating
signs of the index of refraction are arranged in
a ring structure as it is shown in Fig. 3(b), with
coupling still takes place only between nearest
neighbors, array becoming angular-periodic. Such
array is called as a circular waveguide array or a
bundle of waveguides [17].

The dimensionless slowly varying amplitudes
of the electric fields in the waveguide of the n-th
unit cell, An and Bn are governed by the following
system of equations

i

(
∂

∂τ
+

∂

∂ζ

)
An +Bn +Bn−1 = 0, (3)

i

(
∂

∂τ
− ∂

∂ζ

)
Bn +An +An+1 = 0, (4)

with the periodic boundary conditions AM+1 =
A1 and BM+1 = B1.

The spectrum of linear waves (modes) in the
circular array containing M pairs of waveguides,
has the following form

ω2
s(k) = k2 + 4 cos2(πs/M), (5)

where s is an integer number (s-th mode mark),
s = 0, ±1,±2, . . . , J , J = max{M/2, (M−1)/2},
k is a propagation constant of the mode.
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FIG. 3. A schematic illustration of the circular
waveguide array. The bundle of waveguides with
alternating signs of the index of refraction containing
M=6 pairs of opposite directional couplers.

Depending on the parity of M , spectrum of
a linear wave can be with or without a forbidden
band. That is illustrated on Fig. 4.

FIG. 4. Electromagnetic wave spectrum for a bundle of
waveguides. There are no gapless modes (at the left).
There is one mode without gap (at the right)

A liner and nonlinear properties of the
twisted circular waveguide array have been
discussed in [21, 22]. It was shown that a fibre
twist can be conveniently exploited to control
light transfer between two fibres in the array [17].
The helical spatial twist of the circular waveguide
array results in the spectrum modification. If M
is a even number, the spectra of the eigenmodes
have a gaps, but under the twist of waveguide
array certain of the gap can be closed [21, 22].

3.2. Zigzag waveguide array

Usually the coupling between nearest neighboring
waveguides is taken into account. It is
correct approximation for strong localized

electromagnetic wave in waveguide. However,
the coupling between both nearest neighboring
waveguides and the next nearest neighboring
ones can be introduced by the use of a zigzag
arrangement [18–20], see Fig. 5. Let ϑb is an
angle between the lines connecting the centers
of neighboring waveguides. In a linear array this
angle is π. In a zigzag like array at ϑb ≈ π/2
the coupling between the nearest neighboring
waveguides and the next nearest neighboring
ones is approximately the same.

FIG. 5. A schematic illustration of zigzag waveguides
array. The unit cell is shown by rectangular box.

Let An and Bn be the dimensionless slowly
varying amplitudes of the electric fields in the
waveguide of the n-th unit cell. Theses values are
governed by the equations

i

(
∂

∂ζ
+

∂

∂τ

)
An + α1(Bn +Bn−1)

+α3(An+1 +An−1) = 0, (6)

i

(
∂

∂ζ
− ∂

∂τ

)
Bn − α1(An +An+1)−

−α2(Bn+1 +Bn−1) = 0. (7)

Here α1, α2 and α3 are the coupling constants.
The system of equations (6) and (7) is linear

one. Using the a standard way, the dispersion
relation can be found.

ω±(k) = −ωc ±
√

α2
1 + (k − kc)2,

where 2ωc = (α1 + α3) and 2kc = (α2 − α3). The
dispersion curves are shown in Fig. 6.

The waveguide arrays under consideration
were consolidated from the unit cells containing
two nodes, i.e., two differen waveguides per cell.
A new properties may be expected if the unit cell
is containing more than two nodes.
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FIG. 6. Electromagnetic wave spectrum for a zigzag
waveguides array.

3.3. Tree nodes unit cell of waveguide
array

If the unit cell of the waveguide arrays (Fig. 3)
contains a third waveguide, then the spectrum
of linear waves has additional branches. In the
case of waveguides with alternating signs of
the refractive index there are four options of
elementary cells configurations Fig. 7.

FIG. 7. Unit cells containing three waveguides with
different signs of the refraction index. Black circles are
corresponding to a waveguides with negative index of
refraction.

Evolution of the dimensionless slowly
varying amplitudes of the electric fields in the
waveguide of the n-th unit cell An, Bn and Cn

is given by the system of equations [25]

i

(
∂

∂τ
+ σ1

∂

∂ζ

)
An + (Bn +Bn−1) + ϱCn = 0,

i

(
∂

∂τ
+ σ2

∂

∂ζ

)
Bn + (An +An+1) = 0, (8)

i

(
∂

∂τ
+ σ3

∂

∂ζ

)
Cn + ϱAn = 0.

Here ϱ is a ratio of coupling constants of an
additional waveguide and of an original waveguide
in the array (for example, see Fig.3).

Let us consider the waveguide array, which
is shown in Fig. 8, generated by the unit cells,
which are shown in Fig.7(a). In this case one can

FIG. 8. A schematic illustration of waveguides array
generated by the unit cells containing three nodes. The
unit cell is shown by rectangular box.

put σ1 = 1, σ2 = σ3 = −1, as an example. The
dispersion relations associated with the system of
equations (8) are

ω1 = −k, ω2
2,3(k, q) = ϱ2 + k2 + 4 cos2(ql/2).

(9)
It follows from (9) that one mode is gapless one
and two modes have a gap in the spectrum.
Choosing the σ1 = −1, σ2 = σ3 = 1 results in the
same expressions for ω2

2,3(k, q), but the dispersion
relation of the gapless mode reads as ω1 = k.

Now, let us consider the line waveguide array
generated by the unit cells, which are shown in
Fig.7(b). As an example, the signs σ1 = 1, σ2 =
σ3 = −1 can be decided. The dispersion relations
are roots of the following equation

(ω − k)
[
ω2 − k2 − 4 cos2(ql/2)

]
− ϱ2(ω + k) = 0.

(10)
Analytic solution of this equations and analytic
expression for dispersion relations corresponding
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to the this cases are not known. However,
dispersion relations can be found numerically for
fixed values ϱ and ql. Fig. 9 illustrates existence of
an additional branch of dispersion relation located
inside gap for values of parameter ϱ2 = 2, 75 at
ql = 0.

FIG. 9. Dispersion curves for a linear waves in 1D
waveguide array with three nodes per unit cell.

The dispersion relation at k = 0 reads as

ω(±)(0, q) = ±
(
ϱ2 + 4 cos2 ql/2

)1/2
,

ω(0)(0, q) = 0. (11)

This case is commonly addressed as a case with
a flat band ω(0)(0, q), which is an addition to
two conventional zones ω(±)(0, q). The dispersion
curves determined ad ϱ2 = 0.8 and k = 0 are
shown in Fig. 10(a). However, with increasing k

FIG. 10. Dispersion curves for a linear waves in 1D
waveguide array with three nodes per unit cell. k = 0
(a), k = 0.5 (b)

the flat band is transformed to usual band, Fig.
10(b).

If a micro-cavity array rather than a
waveguide array is considered then only case
of k = 0 is realized. The system of equations
(8) is free from the derivatives with respect
to ζ. The dispersion relation (11) describes the
electromagnetic waves in this array.

It is necessary to emphasize that the gap
in spectrum of the electromagnetic waves is
correlated with using the waveguides having the
opposite signs of the refraction index.

4. Rhombic waveguide array and
flat bounds

The investigation of two dimensional electron
systems demonstrated that presence of the third
atom in the elementary cell as well as long range
interaction in the lattice leads to emerging of a
flat sheet (flat band) between conventional zones.
Similar optical lattices can be realized by means of
waveguides as nodes of the lattice. Some kinds of
the optical lattices that demonstrate the photonic
spectrum with flat band have been discussed in
[23–26].

Let us consider wave guide array consisting
from three parallel linear chain of waveguides.
The central chain marked as A-type chain is
placed between two chains of waveguides, which
are marked as B- and C-type ones. These
waveguide chains are shifted relative to the
A-chain at one half of period of the lattice.
Resulting configuration seams as linear chain of
the rhombus, Fig. 11. This array of waveguides
was named as the quasi-one-dimensional rhombic
array [24, 28, 33].

FIG. 11. The rhombic array of waveguides. The unit
cell is shown by rectangular box.

Nonlinear Phenomena in Complex Systems Vol. 19, no. 4, 2016
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All waveguides are supposed as linear
waveguides. Let us suppose that the coupling
between A-B and A-C waveguides takes place
only. In this case the system of equations
describing coupled waves in the array has the
following form

i

(
∂

∂τ
+

∂

∂ξ

)
An = (Bn +Bn−1) + (Cn + Cn−1),

i

(
∂

∂τ
+

∂

∂ξ

)
Bn = (An+1 +An), (12)

i

(
∂

∂τ
+

∂

∂ξ

)
Cn = (An+1 +An).

Here An, Bn and Cn are dimensionless slowly
varying amplitudes of the electric fields in the
waveguide of the n-th elementary cell, the sub-
indices n are markers of the elementary cells.
Phase matching condition is assumed to be
satisfied, and the coupling constants between
waveguides are equal to unit.

Since system of equation (12) is linear, the
dispersion relation can be found in a standard
way. The frequencies ωs(k) of the mode with index
s read as

ω±
s (k) = k ± 2

√
2| cos(πs/M)|, ω(0)

s (k) = 0.
(13)

Here s = −M, ...,−1, 0, 1, ...,M is mode marker,
N = 2M + 1 is number of the unit cells
of waveguide array. As noted in [24–26], the
wave numbers ω±

s (k) are correspond to waves
propagating in transverse direction from one
waveguide to the ether. These waves lead to the
discrete diffraction. The modes with ω(0)

s (k) form
the flat band. The waves of this band are arrested
in the own waveguide.

Analytical solutions of the system of
equation (12) can be found using the standard
technique of solution of the differential-difference
equations. The exact solution of the coupled mode
equations is found in [29]. These general solutions
demonstrate the discrete diffraction phenomenon
that takes place in general case of the boundary
(or initial) conditions. But in the special case of
the electromagnetic field excitation the flat band
modes will be existed.

Let us consider the certain of particular
boundary conditions for problem under
consideration:

An(0) = A0δn0, Bn(0) = B0δn0, Cn(0) = C0δn0.

This conditions are correlated to situation, where
the radiation is injected only into waveguides
of one elementary cell in array. In this case
the amplitudes An(ζ), Bn(ζ) and Cn(ζ) can be
written as

An(ζ) = A0(−1)nJ2n(η)−
iR0√
2
(−1)nJ2n+1(η),

(14)

Bn(ζ) =
1

2
S0δn0 +

1

2
R0(−1)nJ2n(η)

− iA0√
2
(−1)nJ2n+1(η), (15)

Cn(ζ) = −1

2
S0δn0 +

1

2
R0(−1)nJ2n(η)

− iA0√
2
(−1)nJ2n+1(η), (16)

where S0 = B0−C0, R0 = B0+C0 and η = 2
√
2ζ.

If the radiation is injected only into one
waveguide of unit cell with n = 0 in the quasi-one-
dimensional rhombic array, then the boundary
conditions take the form

An(0) = A0δn0, Bn(0) = Cn(0) = 0.

The expressions (14)–(16) result in

An(ζ) = A0(−1)nJ2n(η), (17)

Bn(ζ) = − iA0√
2
(−1)nJ2n+1(η), (18)

Cn(ζ) = − iA0√
2
(−1)nJ2n+1(η). (19)

The expressions (17)–(19) describe the discrete
diffraction (i.e., the electromagnetic radiation is
spreading along array).

In the case of boundary conditions

An(0) = 0, Bn(0) = −Cn(0) = B0δn0,

we have R0 = 0, but S0 = 2B0. The distribution
of the electromagnetic fields in waveguide array is

An(ζ) = 0, Bn(ζ) = B0δn0, Cn(ζ) = −B0δn0.
(20)
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In this case the discrete diffraction is absent. It
corresponds for the flat-band.

However, if the radiation will injected into
one of the waveguide of the central part of array,
i.e., the boundary conditions are

An(0) = A0δn0, Bn(0) = −Cn(0) = B0δn0,

than the distribution of the amplitudes An(ζ),
Bn(ζ) and Cn(ζ) takes the following form

An(ζ) = A0(−1)nJ2n(η), (21)

Bn(ζ) = B0δn0 −
iA0√
2
(−1)nJ2n+1(η), (22)

Cn(ζ) = −B0δn − iA0√
2
(−1)nJ2n+1(η). (23)

The discrete diffraction takes place in this case.

5. 2D waveguide arrays. Flat
bounds

Study of two dimensional electron systems
demonstrated that presence of the third node in
the unit cell as well as long range interaction in
the lattice leads to emerging of a added band. In
the some case it is the flat band, which takes the
form of a flat sheet between conventional zones
[30, 31]. Such lattices can be realized by means of
waveguides as nodes of the photonic lattice [32].
The Lieb lattice is the simplest example of the
photonic lattice with flat band [33, 34].

The 2D face-centered lattice shown in Fig. 12
is considered here. System of equations describing
coupled waves in two dimensional arrays of
waveguides shown in Fig. 12 has following form

i

(
∂

∂ζ
+ σ1

∂

∂τ

)
An,m + α1(Bn,m +Bn−1,m)

+ α2(Cn,m + Cn,m−1) = 0,
(24)

i

(
∂

∂ζ
+ σ2

∂

∂τ

)
Bn,m + α1(An,m +An+1,m) = 0,

i

(
∂

∂ζ
+ σ3

∂

∂τ

)
Cn,m + α2(An,m +An,m+1) = 0.

Here An,m, Bn,m and Cn,m are dimensionless
slowly varying amplitudes of the electric fields of
the guided waves, sub-indices are numbering unit
cells. Phase matching condition is assumed to be
satisfied. The symbols σj = ±1 denote the sign
of the refraction index or projection of the wave
vector on the axis of the j-th waveguide, α1 and
α2 are the coupling constants determined in terms
of Lc (see. sec.2).

FIG. 12. Square array of waveguides. The unit cell is
shown by on left hand panel.

Since system of equations (24) is linear, the
dispersion relation can be found in a standard
way. General expression for dispersion relation in
case of infinite lattice can be obtained by solving
following cubic equation

(ω − σ1k)(ω − σ2k)(ω − σ3k)− γ1(ω − σ3k)

− γ2(ω − σ2k) = 0, (25)

where

γ1 = 4α2
1 cos

2(kxl/2), γ2 = 4α2
2 cos

2(kyl/2).

Note that in the limit of infinite lattice all the
mode markers turning into continuous variable —
two dimensional vector with components kxl and
kyl, where l is a distance between neighboring
waveguides.

Analytical solution of (25) can be found
if one of the waveguides (firs one) has positive
and other two negative signs of refraction index:
σ1 = 1, σ2,3 = −1. Corresponding surface of
the constant frequency (dispersion surfaces) are

Nonlinear Phenomena in Complex Systems Vol. 19, no. 4, 2016
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defined by the following form

ω1,2(kx, ky, k)

= ±
√

k2 + 4α2
1 cos

2(kxl/2) + 4α2
2 cos

2(kyl/2),

(26)

ω3(kx, ky, k) = −k. (27)

Surface determined by equation (27) at fixed
value of k describes a flat band.

For a waveguides with σ1 = 1 and σ2,3 = +1,
equation (26) remains unchanged, and surface
of the flat band is determined by the equation
ω3(kx, ky, k) = k. In the case, where for all
waveguides σ1,2,3 = +1, equation (25) has the
following solution

ω1,2(kx, ky, k) = k

± 2
√

α2
1 cos

2(kxl/2) + α2
2 cos

2(kyl/2), (28)

ω3(kx, ky, k) = k. (29)

Therefore there is always a flat band in
considered lattice of waveguides. For the case of
2D electronic systems wavenumber k = kz = 0.
The expressions (26–29) will turning into the
conventional dispersion surfaces [30, 31]. If the 2D
micro-cavity array is considered, the expressions
(26–29) with k = 0 would hold for this lattice as
in the electronic system.

6. Conclusion

1D and 2D waveguide arrays containing
the waveguides having the opposite signs of the
refraction index are considered. The dispersion
features of these optical systems are discussed
by using some special examples of arrays of
linear waveguides. Instead waveguides the micro-
cavities can be used. The micro-cavity array is
more adequate for electronic system, where both
electrons and photons are localized in space. The
waveguide array is similar to metal wire array.

The important difference of the optical
and electronic systems are the electric charge
existence and the quantum statistics properties.
That limits the ability of electromagnetic
simulation for the phenomena of condensed
physics. However, several ideas of condensed
physics may be fruitful in optics, and opposite.

Acknowledgment

I am grateful to Prof. I. R. Gabitov, Dr. E. V.
Kazantseva, Dr. V. A. Patrikeev, Dr. N. V. Bikov,
and Dr. C. Bayun for enlightening discussions.
This investigation is funded by Russian Science
Foundation (project 14-22-00098).

References

[1] S. Longhi. Quantum-optical analogies using
photonic structures. Laser & hotonics Reviews.
3, 243–261 (2009).

[2] D. Dragoman, A. Radu, S. Iftimie. Optical
analogues of chiral fermions in graphene. J.Opt.
15, 035710 (2013).

[3] V. Yannopapas. Lattices of coupled cavities as
photonic simulators for topological phenomena
in condensed matter physics. Int. J. Mod. Phys.
B. 28, 1441005 (2014).

[4] Tetsuyuki Ochiai. Broken symmetry and
topology in photonic analog of graphene. Int. J.

Mod. Phys. B. 28, 1441004 (2014).
[5] M.I. Molina. Flat bands and PT symmetry in

quasi-one-dimensional lattices. Phys.Rev. A. 92,
063813 (2015).

[6] Tomoki Ozawa, H. M. Price, N. Goldman, O.
Zilberberg, I. Carusotto. Synthetic dimensions
in integrated photonics: From optical isolation
to four-dimensional quantum Hall physics.
Phys.Rev. A. 93, 043827 (2016).

[7] A. Yariv, Yong Xu, R.K. Lee, A. Scherer.
Coupled-resonator optical waveguide: a proposal
analysis. Opt.Lett. 24, 711–713 (1999).

Нелинейные явления в сложных системах Т. 19, № 4, 2016



Something of Discrete Photonics: Discrete Diffraction and Optical Flat Bands . . . 367

[8] D.N. Christodoulides, N.K. Efremidis. Discrete
temporal solitons along a chain of nonlinear
coupled microcavities embedded in photonic
crystals. Opt.Lett. 27, 568–570 (2002).

[9] J.B. Pendry. Negative refraction. Contemporary
Physics. 45, 191-202 (2004).

[10] V. Veselago, L. Braginsky, V. Shklover, Ch.
Hafner. Negative Refractive Index Materials. J.
Computational and Theoretical Nanoscience. 3,
1-30 (2006).

[11] V. M. Agranovich, Yu. N. Gartstein. Spatial
dispersion and negative refraction of light,
Physics–Uspekhi. 49(10), 1029-1044 (2006).

[12] S.Somekh, E.Garmire, A.Yariv, H.L.Garvin,
R.G. Hunsperger. Channel Optical Waveguide
Directional Couplers. Appl.Phys.Lett. 22, 46–47
(1973).

[13] N. V. Bykov, A.I. Maimistov. Conical diffraction
in one dimensional media containing the negative
index defect. Physics Procedia. 73, 2–6 (2015).

[14] N. V. Bykov, A.I. Maimistov. Diffraction of
Electromagnetic Radiation near an Interface
between Discrete Positive and Negative
Reractive Media. Bull. Russian Academy of
Sciences. Physics. 80, 770-–773 (2016).

[15] A.I. Maimistov, I.R. Gabitov, N.M. Litchinitser.
Solitary Waves in a Nonlinear Oppositely
Directed Coupler, Optics and Spectroscopy. 104,
253–257 (2008).

[16] E.V. Kazantseva, A.I. Maimistov, S.S. Ozhenko.
Solitary electromagnetic waves propagation in
the asymmetric oppositely-directed coupler.
Phys. Rev. A. 80, 043833 (2009).

[17] S. Longhi. Light transfer control and diffraction
management in circular fibre waveguide arrays.
J.Phys. B: At. Mol. Opt. Phys. 40, 4477–4492
(2007).

[18] N.K. Efremidis, D. N. Christodoulides. Discrete
solitons in nonlinear zigzag optical wave-guide
arrays with tailored diffraction properties. Phys.
Rev. B. 65, 056607 (2002).

[19] Gang Wang, Ji Ping Huang, Kin Wah Yu.
Nontrivial Bloch oscillations in waveguide arrays
with second-order coupling. Optics Letters. 35,
1908–1910 (2010).

[20] E.V. Kazantseva, A.I. Maimistov.
Quant.Electron. 43, 807–813 (2013).

[21] A.I. Maimistov, E.V. Kazantseva, A.S.
Desyatnikov. Linear and nonlinear properties of
the antidirectional coupler. In: Coherent optics
and optical spectroscopy. Lect.notes. (Kazan
State University, Kazan, 2012). Pp. 21-31. (in

Russian)
[22] Desyatnikov A.S., Maimistov A.I., Kivshar Yu.S.

Topological solitons in twisted coupled positive-
negative waveguides. In: 2nd International
Workshop "Nonlinear Photonics"NLP*2013,
September 10 – 11, 2013, Sudak, Crimea,
Ukraine.

[23] S. Flach, D. Leykam, J.D. Bodyfelt, P. Matthies,
A.S. Desyatnikov. Detangling flat bands into
Fano lattices. Europhys. Lett. 105, 30001 (2014).

[24] St. Longhi. Aharonov-Bohm photonic cages in
waveguide and coupled resonator lattices by
synthetic magnetic fields. Opt. Lett. 39, 5892–
5895 (2014).

[25] A. Maimistov. Quasi-flat bands in waveguide
arrays. J.Phys. Conference Series. 613, 012011
(2015)

[26] A.I. Maimistov, I.R. Gabitov, Optical flat bands
in 2D waveguide arrays with alternating sign of
refraction index, J.Phys. Conference Series. 714,
012013 (4 pp) (2016).

[27] Li Ge. Parity-time symmetry in a flat-band
system. Phys.Rev. A. 92, 052103 (2015).

[28] S. Mukherjee, R.R. Thomson. Observation
of localized flat-band modes in a quasi-one-
dimensional photonic rhombic lattice. Opt. Lett.
40(23), 5443–5446 (2015).

[29] A.I. Maimistov, V.A. Patrikeev. Electromagnetic
field distribution in a quasi-1D rhombic
waveguide array, J.Phys. Conference Series.
737, 012008 (2016).

[30] V. Apaja, M. Hyrkäs, M. Manninen. Flat bands,
Dirac cones, and atom dynamics in an optical
lattice Phys.Rev. B. 82, 041402(R) (2010).

[31] C. Weeks, and M. Franz. Topological insulators
on the Lieb and perovskite lattices. Phys. Rev E.
82, 085310 (2010).

[32] Yuanyuan Zong, Shiqiang Xia, Liqin Tang,
Daohong Song, Yi Hu, Yumiao Pei, Jing Su,
Yigang Li, and Zhigang Chen. Observation of
localized flat-band states in Kagome photonic
lattices Opt.Express. 24, 8877–8885 (2016).

[33] S. Mukherjee, A. Spracklen, D. Choudhury, N.
Goldman, P. Ohberg, E. Andersson, and R.R.
Thomson, Observation of a Localized Flat-Band
State in a Photonic Lieb Lattice. Phys.Rev.Lett.
114, 245504 (2015).

[34] Shiqiang Xia, Yi Hu, Daohong Song, Yuanyuan
Zong, Liqin Tang, and Zhigang Chen.
Demonstration of flat-band image transmission
in optically induced Lieb photonic lattices. Opt.
Lett. 41, 1435–1438 (2016).

Nonlinear Phenomena in Complex Systems Vol. 19, no. 4, 2016


