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STATISTICAL FORECASTING OF TIME SERIES:
OPTIMALITY AND ROBUSTNESS'

Yu. S. KHARIN*®

"Research Institute for Applied Problems of Mathematics and Informatics, Belarusian State University,
Nezavisimosti avenue, 4, 220030, Minsk, Republic of Belarus

The statistical forecasting (prediction) problem of time series is considered for the typical in practice situation where the underlying
hypothetical data model is distorted. We present a review of our solutions for the following topical problems of optimality and robust-
ness in statistical forecasting: mathematical description of distortions for typical hypothetical models of time series; quantitative
evaluation of the risk-robustness (sensitivity analysis) under distortions for traditional forecasting statistics (that are optimal under
hypothetical models); evaluation of critical distortion levels; construction of new robust forecasting statistics.
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CTATUCTUYECKOE ITPOTHO3VPOBAHWE BPEMEHHBIX PAAOB:
OIITUMAABHOCTDB 1 POBACTHOCTbD

0. C. XAPHH"
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queofcdeﬁue bI'Y «Hayuno-ucciredoeamenbCckuti uHCmMumym npukiaousblx npoonem MamemMamux U UH@GOpMamuxuy,
np. Hesasucumocmu, 4, 220030, e. Munck, Pecnybonuka berapyco

PaccmarpuBaeTcs npodiiemMa CTaTUCTHYECKOTO IPOTrHO3UPOBAHHS BPEMEHHBIX PSIJIOB [UIS THITMYHOM Ha MIPAKTHKE CUTYALMH, KOTa
THITOTETHYECKask MOJIENb TaHHBIX HCKakeHa. [IpencraBieH 0030p MOMYyYEHHBIX aBTOPOM PE3YJAbTATOB UIS CIACAYIOMINX aKTyaJlbHBIX
po0JIeM ONTHMAIBHOCTH H POOACTHOCTH B CTATUCTUYECKOM IPOTHO3UPOBAHHMH: MAaTEMAaTHUCCKOE ONMMCAHNE MCKAKCHUN THITOBBIX
TUIMOTETUYECKUX MOJIETIEH BPEMEHHBIX PSJIOB; KOJTMUYECTBEHHAS OLEHKA YCTOMYMBOCTH PUCKA MPOTHO3UPOBAHMS MPU HATUYUH HCKa-
JKEHUH U TPaJULMOHHO MPUMEHAEMBIX IPOTHOZUPYIOIUX CTATUCTUK (ONTUMAIbHBIX /IS THIOTETHYECKUX MOJIesiel); OlleHUBaHKe
KPUTHYECKHAX YPOBHEH HCKaKCHUI; MOCTPOCHHUE HOBBIX POOACTHBIX MPOTHO3UPYIOMINX CTATHCTHK.

Knroueswie cnosa: cratnctuueckoe HIPOTHO3UPOBAHUEC, BpCMeHHOﬁ pAd; UCKAKEHUE, pO6aCTHOCTL; HIPOTHO3UPYIOIIAs CTATUCTHUKA.

Many significant applied problems in economics, finance, medicine and other fields lead to the global
problem in mathematical statistics: statistical forecasting of random processes with discrete time, that are
usually called random sequences or time series [1-6].

Mathematical substance of the Forecasting (Prediction) Problem is very simple: to estimate (evaluate)
the future value of the random process x,,. € R? in T > 1 steps ahead, based on the before observed data.
We can clearly detect two stages in the history of attacking the Forecasting Problem [1-6].

First stage (up to the year 1974): construction of optimal forecasting statistics

=fo(x, ..,

risk functional (e. g., mean square error of forecasting). A. N. Kolmogorov was the first who considered
the forecasting problem in strict mathematical form [1].

£T+1:
xT) 'R — R? for various hypothetical models M, w.r.t. to minimization of some forecast
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MaremaTuka u uHpoOpMaTHKa

Second stage (from the year 1974). It was detected and announced by P. Huber at his lecture on the Van-
couver International Congress of Mathematicians [2] that «statistical inferences (including forecasts) are
based only in part upon the observations; an equally important base is formed by prior assumptions about
the underlying situation (that is the hypothetical model M, )». In practice, the hypothetical models are usually
distorted, and the risk of optimal forecasting statistic (that was constructed under M,) becomes much more
than the hypothetical risk. It was proposed by P. Huber to construct robust statistical forecasts that «are weakly
sensitive w.r.t. small distortions of the hypothetical model M».

A list of researchers influencing the field of robust statistical analysis of time series is given here: J. Tukey,
P. Huber, F. Hampel, C. Croux, R. Dahlhaus, P. Filzmoser, R. Fried, R. Dutter, V. Gather, M. Genton,
Yu. Kharin, R. Maronna, R. D. Martin, S. Morgethaler, C. Mueller, D. Pena, G. Tiao, H. Rieder, E. Ronchetti,
P. J. Rousseeuw, R. Tsay, W. Wefelmeyer, V. J. Yohai. The majority of publications on robustness in statistical
time series analysis are concentrated on estimation of parameters and hypotheses testing. Although these
problems are fundamentals, they do not completely cover the problem of robustness in statistical forecasting
of distortions that includes the following topical tasks considered in this paper: mathematical description for
typical hypothetical models of time series; quantitative evaluation of the risk-robustness (sensitivity analysis)
under distortions for traditional forecasting statistics (that are optimal under hypothetical models); evaluation
of critical distortion levels; construction of new robust forecasting statistics.

Distortions of hypothetical models

Introduce the notation: x;,. € R" is an observed d-variate time series with discrete time f¢€Z,
’
X= (xl’, oo x}) e R‘" is the composed vector of observations for T successive time points (prime means

transposition), x,,. € R? is the non-observable random vector to be predicted at the future time point
T+ 1, 1eN (in economic applications the value 7 is called «the base of forecasting», T — «the horizon
of forecastingy»). The probability model of the observed time series under distortions is determined by a family
of probability measures

[P, (4). 4B :TeN, 0 c@ c R”, ceo.e, ]| ®

where B™ is the Borel 6-algebra in R™; 6’ is an unknown true value of model parameters; € is the distortion
level; €, > 0 is its maximal admissible value. If €, = 0, then the distortions are absent, and we have the hypothe-
tical model M,

Classification and mathematical description of typical for practice kinds of distortions (1) is given in [3].
In figure we present a short version of the classification scheme from [6].

Let us give short mathematical descriptions for classes of distortions in figure.

The class of distortions D.I consists of two subclasses. Tukey — Huber distortions D. 1.1 for the observation

vector X are described by the mixture: p(X)=(1-¢€)p’(X)+e-h(X), p°() is «non-distorted» (hypo-
thetical) p.d.f., A() is so-called «contaminating» p.d.f., ee [0, 1) is the distortion level. If € = 0, then
p()=p°(), and distortions are absent.

Distortions of Hypothetical Models
in Statistical Forecasting

/

D.1 D.2
Model is defined by Model is defined by
probability distribution stochastic equation
D.1.1 e o2l D.2.2 D.2.3
Tukey — Huber g-Neighborhoo . Distortions. Distortions Distortions of the model
distortions ma proba}blllty in the registration of the equations for the innovation process
metric channel

Classification scheme for types of distortions

\
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Distortions of the type D.1.2 are described by e-neighborhoods in some probability metric:
0< p( p('), po(-)) <eg, p() is a probability metric, e. g. Kolmogorov and Hellinger probability metrics:

:—_Up )|dXe[O 1]
o(p, p :_j(\/p ) - P’ (x )a’Xe[O 1]

RTd
The class of distortions D. 2 describes the hypothetical model by some stochastic equation:

— . no
x,—G(x,_l,...,x u,u,_,u,_,;0 ), te Z,

t—s2

where u, € R" is innovation process on the probability space (Q, F, P); s, L € N are some natural numbers

indicating the memory depth; 8° € ©  R” is vector of model parameters; G() R*x R x @ 5> R? is

some Borel function.
The class D. 2 consists of 3 subclasses. The subclass D. 2.1 describes distortions in the observation channel:

X=H (X U ), where X°e R™ is «non-observable prehistory» of the process, X € R™ is observation
results, that is the «observable prehistory», U = (ul’ s s u}) e R? is non-observable random vector of dis-
tortions (errors in the observation channel), H () is a function that describes the registration algorithm.

Subclass D. 2.1 includes following types of distortions: additive, multiplicative, €-non-homogeneities,
«outliers», «missing values», censoring, etc. Subclass D. 2.2 describes distortions of the generating stochastic
equation («misspecification»), includes two types of distortions: parametric distortions, when instead of

the true parameter value 6° we get (estimate by statistical data) a different value 0, with ‘6 - 60‘ < ¢, where ¢

is the distortion level; functional distortions, when instead of the true function G() we get a different
function G(), and in some metric HG~() - G()H < &. Subclass D. 2.3 describes distortions of the innovation

process u, € R, teZ, in the generating stochastic equation and includes distortions of three types: e-non-
homogeneities, probabilistic dependence, «outliers».

Note, that in practice, the real data can be corrupted by distortions of two or more indicated classes
simultaneously, e. g. outliers and missing values.

Functionals of robustness in statistical forecasting
Let x,,. = fr .(X): R™ — R be a forecasting statistic (Borel function). Introduce the notation: E, {-}
() from (1); TC(G) :® > R' is some p.d.f. on ©; 6eR” is some

consistent estimator of 8 by X. To analyze optimality and robustness of forecasting statistics we will use
the following functionals.
2} >0,

Point risk of forecasting: p, = p, (fT, o 60) = ES{ X
Integral risk of forecasting: r, = r, (fT, ) Ipe (fT o ) ( )d9 = 0.

is expectation w.r.t. to the measure PT o

Xror T Xr4q

Guaranteed (upper) risk: r.=r, ( I T) = Sup T ( I, T)

<e<e,

Optimal forecasting statistic (for the hypothetlcal model M,): 22 = fT(f . (X ; 90) with the hypothetical risk:

po(/1.53 0) = inf py (. 5 0°)s 7= !;po (12 .; 0)n(6)d. @)

«Plug-iny forecasting statistic:

@ BT Y~ g5 aem'
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Coefficient of risk instability (r,>0) [7]:

(r (/22) - )

K=x(f )= 0 )

S-Admissible (critical) distortion level (6 >0) [7]:
e'=¢(8)= Sup{S:K(fT,T) < 6}. (5)
Minimax risk-robust forecasting statistic X, = f; .(X) [7]:

(5= sl ©

Optimality and robustness of forecasting for regression time series

The case of additive «outliers» D.2.1. Hypothetical model (multiple linear regression) M, is determined
by equation:

x=0"y(z)+u, teN, E{u,} =0, D{u,} = 6* < +o, (7

where x, e R; z, € Z c RY; \u(z) = (\pi (Z)) e R™; {\pi} are linearly independent functions.

LS-forecasting statistic ( Y, | # 0):

Xppo = éW(ZTJr‘E)’ 0= (\P;\PT )_1 Y Xr,
‘PTz(\pj(zt))eR”m, XT=(x1,...,xT)’ERT. (8)
Distortions of the hypothetical model (7):
%= 0"(z,) +u,+ &, PlE, =1}=1-Plt,=0l=e<e, < % ©)

where {Vt} are independent identically distributed random variables (i.1.d.r.v.), E{V,} =aq, D{V,} =K o’

K >0, and random variables {ut }, {f;t }, {v,} are jointly independent.
Introduce the notation: g(T, 1) = ¥, (¥} ¥, )" \|1(ZT+1_) eR’; (z), =max(z,0); 1,=(1, ..., 1)/ eR’.
Theorem 1 [7, 8]. Guaranteed upper risk of the LS-forecasting statistic (8) is

n(7,7)= (0% + &, (o + K21+ g (T, 7)) + €2 ((1 ~1,g(T, 7)) - |g(7. o) _1).
Corollary 1. In the «case of outliers in variance» (a =0, K > 0) we have:

R(1.1) = Je(7 1) + ek (1+ Je(r. ) ).

£(5,7,7) = min{%, (5-le(r. o) &1+ ]e(r. r)||2)"}.
Corollary 2. In the «case of outliers in mean» (K =0, a #0) we get:
2 2
w(7.7) = |g(r. D + e(g) (1+ (.o + & (5) (-1, 2) - Je(r. o -1).

To construct robust forecasting statistic under distorted model with outliers (9) we have developed [3]
the so-called the local-median forecasting method using (2)—(6).

\
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Local-median (LM) forecasting method

Introduce the notation: N, ={L,...,T} c N, y(’) = {tl(l), s t,sl)} C N,, is an I-th version of subset of n

n

time points fromthe set N, /=1, ..., L,m<n<T, m< L < Cy; yU = (\|Ij (Z;“) )) eR"™", det(‘l‘y)"l’y)) #0;

4

X }5’ ) = (xt(,), cees X ) € R” is a correspondent /-th version of the subsample of size n from the sample of size T

’ -1 u 2 ~ ’ = ’
= () = 0 () (e ) e 602 () 20 =1, 80= ()

k=r

(I=1,..., L) is the I-th version of the LS-estimator (for 6°) based on X"\,

Using {é(l)} let us construct local «plug-in» forecasting statistics:

&, = 9(1)’141(2”1), I=1,..., L. (10)
LM-forecasting statistic is determined by L local forecasting statistics (10):
Xpoo = med{ )Ac(rllt, - )?ﬁ)r}. (11)

Introduce the «Hampel breakdown point» for the statistic S ()
e = max{ee [O, 1] : VX(S) = ‘S(X(E))‘ <C< +oo}. (12)

Theorem 2 [3]. For the model (9) with «outliersy, at L=Cy the «breakdown pointy (12) of the LM-
Sorecast (10), (11)is € € [O, 1- nT_l], and on the interval [O, 1-nT _1] it is the unique root of the equation:

n—

1
=0 - L 2 |

(1—e—zT‘1)=(1—oc)ﬁ(l—zT"), a:M=1+0( ! )

Corollary 1. Ifn < o7, then € >T".
Corollary 2. For the fixed n, if T — oo, then € — 127" Optimal size of subsamples turns out to be

equal to the number of unknown regression coefficients: n° = argmaxe” = m.
n

Theorem 3 [3]. If the model (9) with «outliers in variance» takes place, LM-forecasting statistic (10),
-1

(11) is used, L{ut} =N, (0, c’ ) local forecasts (10) are independent, (n’l‘l’,(ll)"l’,(f)) =0, G0 = g

I=1,..,L r=12,..,

0,|#0, then at e€[0,¢,], Ke[0,K,], T—e, L=L(T)—>oo the following

asymptotic expansion holds:

o’ | & (1-¢,)el"Cl

2L rzo\/G(n,1)+K+G(n,r+l)

r(T,1)=0"+¢,K,6°+ + o(L’1 ) (13)

Case of functional distortions (FD) D.2.2. In addition to (13) consider now multiple regression time
series under FD determined by the equation:

v =360, (2) +A(z)+u, 1€N, x € R, 5 e ZCRY, 14
i=1

where {\pi ():Z-> R}; 0°= (6?) e€R"; A(): Z >R is an unknown FD function.

“Ob\g\'@‘ 95 ./l(?’m" //
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Types of functional distortions for the model (14)
FD-1 (interval distortions): € (z)<A(z)<e,(z), zeZ, &,(z):RY > R; the special case ¢€,(z)=
=te:—e<A(z) < +g, €20,

FD-2 (relative distortions):

<eg zeZ,e=0.

T 1/p
FD-3 (distortions in / -metric): (ZP”(ZI) + ‘X(ZT*T)IJ] <g p21,1eN, e>0.
t=1

Ip
FD-4 (distortions described by orthogonal expansions): 7» z S. n (z ‘Sj ‘p] <¢g, wherez € Z

jeJ jeJ

p=1; JcN; J:{jl,...,jq}; geN; £>0; {Sj:jeJ}; {nj(-):Z—>R}.

Introduce the notation: g(7, t)="¥, (‘I’;‘PT)_'\V(ZT”) eR’, (z), =max(z, 0);

eR,

7 (T, 1:) =0’ (1 + ||g(T, ’C)||2) is the risk under the hypothetical model.

Theorem 4 [9]. In the case of FD-1 the guaranteed upper risk

(T 1) =1, (T, 1 +max[i((gT (T, ’c) i(zt)—(—gT(T, T))+£i(zt))_£i'(ZT+t)J‘

=1
JZ

r (T, 1) = (T, ‘c)+82max{1, gtz(T, ‘c):t:I,...,T}, p=1

Theorem 5 [9]. In the case of FD-2 the guaranteed upper risk

T

> |e (T, 1) w(z,)

t=1

'(ZTH)GO‘ +

r+(T, ’c)=r0(T, ‘C)+£2(

Theorem 6 [9]. In the case of FD-3 the guaranteed upper risk

Ip

pp-1 e
(T ’c)—ro +€ [Z|g, | +1J , p>1.

Theorem 7 [9]. In the case of FD-4 the guaranteed upper risk

r (T, 1) =1r(T, 1)+ ¢ max(Zg, (T, t)n,(z )—nj(zrﬂ)), p=1

jelJ
plp-1 2(p—1)/p
] , p>1.

Robust forecasting statistic under FD-1 distortion is based on the so-called M-estimator 6 with special
choice of the loss function p(-) [9, 10]:

ET: g, (T, T)nj (Zt> -n, (ZT”)

t=1

r+(T, ’r)zro T,’c+82(2

jed

R N T
x(T,1)= G,W(ZTH:), 0= argrneian(xt -0y (z, )), (15)
t=1

where 8,2 0; p(z) == I(|z| - 68)(2 -9, sign(z))z; I(-) is indicator function.

N | —
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Smoothed version of the loss function (88 >20,d>0,a20,b2 0) in (15):

az’, 0<z<8,-d,

b-a_, bd+3(a=b) , (b-a)(8,-d)  (a-b)(8,—d)

¥ . p z+ 2 , 90, —d<z<39,,
Pl2) = 2(b-a)d, +d(a—b)\ 128,(5,—d)a(b-a)+ d*(b+3a)(b-a) (10
b(z— ( _a> szb (a_ )J 4 e\Ye a fzb a a , 229,

»p(—z), z<0.

Let us denote for the smoothed loss function (16) (¢t=1, ..., T):

()= P 32 = T2 )= (s - 0w (2) < .

v(6) = diag(v(x, — 0y(z,))). M(6) = ¥;u(6). D(6)="¥;v(0)¥,.
Theorem 8 [9]. Ifrank(v(e(n) )) =k, m < k< T, then the approximation G(HI) of 0 at the (n + 1)-th step is

Ouen = 8y + (D (%))_IM (60

Optimality criterion for the parameter 9, in (16) is determined by (4): ¥ — n%in.

Optimality and robustness of forecasting under autoregressive models
Case of non-homogeneity in mean. Consider the case when the underlying hypothetical model M, is
AR(m):

xt=9°/Xt71+ut, Xt71=(xt71,. X, ), teN, (17)

ey A

where X, =0,; {ut} are 1.1.d.1.v.; L{u,} =N, (O, (52); 0°c R"™ is unknown.
Optimal (in the mean square) hypothetical forecasting statistic is

A0 _ A0
Xry; = 0 XT+j—]’

j=1...,7,

v _ (20 50 .00 _ . _ <2
X”jfl—(xﬂjfl,..., x,”jfm), x, =x fors<T; p,=0" (18)

Forecasting statistic (under «misspecification error» 0 — 8°) is

A~

% = 0% =Lt (19)

Consider the case when the model (17) is under D.2.3 distortions [11-16].
Distortions D. 2.3 of the innovation process u, (non-homogeneity in mean) are determined by an unknown

distortion function 7»() :R'>R":
x,=0"X,  +u +\t), teN. (20)

Introduce the matrix notation:

wherel, is the (nx n) identity matrix; O, is the zero n-column.

m BT Y _ 95 aem! Y
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Theorem 9 [11]. Under the «misspecification errory (D.2.2) © —0° in (20), the point risk for the traditional

T 2
T T t—1
forecasting statistic (19) is p, (- (1+ Z((B’) 1) + ;(((B - B, )BO )“) ]
Theorem 10 [11, 12]. Under the «misspecification error» (D.2.2) and functional distortions (D.2.3):
T+t

T
T 27»2 (t) < 8(21), T 2 A’ (t) < 8(22), the guaranteed point risk of the forecasting statistic (19) is

t=T+1

p. (6% 6.7, 7)=p, (66, T, T)+(£ \/TZ((( B;)B;;)“)2 + e, «.-Ti((za(;)u)2 Jz.

Theorem 11 [3, 12]. If the distortions of the innovation process (D. 2.3) take place:

T
Ty M ()<el Mt)=0, t>T, (21)
t=1

and the traditional LS-forecasting statistic is used.:

7 o
xT+] 9 T+j—1r j:l,...,"[; e:[ZXT—lXt,—l) Z’i—tXt—l’ (22)
t=1

t=1

’

where X = ()El, . )?TO) does not depend on X, and the mean square error matrix for is = E{(é - 90) X

X (é - 90) } = (TO )_1F, then the guaranteed point risk is (for T = 1) equals to

2

(GO'T T)— > G_i(B, u) (Bt—l)/ N » T G
p+ s s Lo ) — T 0 1 8+T Mmax( T)’
0 t=1 0

where .. (GT) is the maximal eigenvalue of the (T xT)-matrix G, = ((Bél)_,l F(B({’l)_’1 ) ij=1,..1T

and the dot intstead of the matrix index means summation on all its values.
t—1

Denote: e, = A(t) /e, t=1,...., T; L, =(e,0,..,0) eR, V,= S BIL_,, d=(1,0,...,0) eR", A(t)=
t=0

T—

2 dg’F~'x Bi™' F = 23 dd’(By).

Theorem 12 [3]. If the distortions (21) of the innovation process take place, the traditional LS-forecasting
statistic (22) is used, X = X, and the following limits exist:

T—l
lim — ZVV H, lim— ZeMV,—
t=0

T—>oo T —>oo
then the asymptotic expansion of the guaranteed point risk holds:

p, (6% T)= (52{1+ E((Bé )“)2 + (%)4 (4(x)), F(A(z)) ] +ole'+77).

Case of bilinear distortions D.2.2. Let the observed time series x, € R' satisfies the autoregressive
equation of the order m with bilinear distortions [17]:

X, = (90))(,_1 +ex,_u,_tu,tel, (23)
where € is the bilinearity coefficient. If € = 0, then the model (23) coincides with AR(m) determined by (17).

—
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The model (23) is called the bilinear model BL(m, 0, 1, 1).

Introduce the matrix notation: W=1 ., —W,—W,,
0 6 6 .. 6 0 0 ... 0 0 L e o
0 6 6 ... 0 e 0 .. 0 0 P T
0 1 -0
Wi=|... ... . .. .| W=] T NS m=2
06 0 ... 0 e, 6, ... 0 0 . 0 1
00 0 ... 0 0 8, ... 8 o

where S ( ) 1S the( ) -th element of the inverse matrix S =S\
Theorem 13 [17]. If the bilinear model (23) is stationary, |W| #0, |£| <e,, and €, —0, then the risk

instability coefficient (4) of the traditional autoregressive forecasting statistic (18) satisfies the asymptotic
expansion.

(ig(l’ j)] +4(1‘i90J ZS (1L /)S(1, j+1)
k(t)=e2o’| 1+ W' (1, 1) + j=1 T =
2(51 hi)

+ 0(82).

+

To construct the robust forecasting statistic we use the following stochastic expansion (in the mean square
sense) at £, > 0, K eN.

K k=1
Xpgg = Upyy T 6”x 2(_1)k_18k (H'xT—iJ('xT—kﬂ - 6" XT—r) + O(gfﬂ)-
k=1 i=0

The robust forecasting statistic for x,,, is determined by the conditional mathematical expectation

E{xT+1
statistics [3]:

Xpy Xp_1seees xl}. This fact generates a family of asymptotically optimal (K —>+oo) forecasting

K k-1

A( % k 1 & o ~(K)

xT+1 =0 X E, € (I IxTiJ(kaJrl -0 XT—k)’ K{xT+1}T 1<_—>>w0'
= i=0 g

Forecasting statistics fc&K) for T> 1 are constructed iteratively w.r.t. T.

+1
Robust forecasting of AR under simultaneously influencing «outliers» and missing values. Let us
consider the hypothetical AR( p) -model (17) in the following form:

y,+b1y,_,+...+bpy,_p=u[, te’Z, (24)
where b = (bi) € R” is a vector of unknown autoregressive coefficients satisfying the stationarity condition;
{u,} arei.i.d.r.v.; u, ~ N, (O, 62); o is unknown variance. It is distorted by «outliers» (D.2.1):

RO — replacement outliers:

=(1_nt)yt+ntvt’ (25)
AO — additive outliers:

2=V MV, (26)
where {nt} are Bernoulli i.i.d.r.v.; P{n, = l} =1 —P{T], = 0} =ee(0,¢,]; {v, € R} are i.i.d.r.v. with

some symmetric probability distribution.
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One more simultaneously influencing type of distortions in (25), (26) is «missing values» [11, 12]:
X =2, k=12,.... K, (27)

where {tk} is some known increasing sequence of observation time points: o, =1; 0,=0, ¢ # ¢,.

Let us denote: G, = cov{y,, ytﬂ}; 0, = corr{y,, ytH} = %, teZ; y(-):R' >R is a bounded odd
0

function,
ﬂf () dz, SZ\I{ & J cw(V)—coV{ 5 }

l’ t+v

aq -0+ (z-96,) ’ Zysx
N i ‘ESZOfOI+T >
Z O\ s Z v ZG )cos(At) 20, Ae[-m, x]. (28)

t=1 T teZ

Theorem 14 [18]. Under missing values (27) and RO-outliers (25), if \V() is such that the function f,, ()

in (28) has the continuous inverse function f,, ! () then under T — oo, N, — oo the statistic

A -1 ST
0. =/, {(1_8)2], O<t<T, (29)

~ P
is a consistent estimator for the correlation coefficient 0_:0_, — 0.
Some examples of y-estimators determined by (29) are given in the table.

Examples of y-estimators

Notation \p(x) Sy (8) f\l;l (u)
ys-Estimator sign (x) 2/m arcsin © sin (1tu/2)
ya-Estimator arctan x 0,5 arcsin 6 sin 2u
yt-Estimator 2x/ (l+x2) 9/(1 + \/1—92) 2u/ (1+u2)

For example, ys-estimator for 0_ has the form:

~ r—e 0.0
0, = sin 0,5752 zsign o/ Bhs .
(1_8) t=1 Zi4 NT

Theorem 15 [18]. Under theorem 14 conditions, if }Ln[lin ]Zﬁ’ (X) >0, then the \y-estimator (29) is

(6.-6,) o

{A } e (O 1) and the asymptotic mean square error (MSE) satisfies
D6, 7

asymptotically normal:

1-€) " =¥ (X;)

2
Ny (7(6.)
Corollary. The optimal function () in (29) for the estimation of ©, that minimizes the asymptotic MSE,
2 [ 2(+x) J1-6

has the form: . (x; 8,) = 47 [ 14+x* +24° (1—292) o

the asymptotic expression: E{(éT -0, )2} o ( , Ny € [—TE, n].
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Robust estimator b = (b:) € R? for autoregression coefficients in (24) is the solution of the system of p + 1

Yule — Walker equations:

0, +b6,6,+...+b,0, = o
G0
§1+b1§0+ .+prp_1:0,

The algorithm Durbin — Levinson is suitable for solution of this system.
Theorem 16 [18]. Under the conditions of theorem 135, the following convergence holds:

pilo-tf=o-fo-ef, 21

T —>oo

where Q =1+ \/2?19 J. ‘B(e“ )‘2 dx |/A; (©); B(A)=A"+bA" "+ ... + b, is the generating characteristic

polinom for the equation (24); A, (©) is the minimal characteristic number of the matrix © = (6. ) R
LJ

=]

Statistical estimator for € is constructed:

~

~ S jal 7\’2 £ y y
g=1_JZj§(c;1), L= 7&13732111 ?27\1)), ]Z(K)=;0,Cos(7»z,)/§0,

T T
A, =2\, A= ,Zot/z‘otztz.
t=1 t=1

Conclusion

is the sample characteristic function,

The results presented in this paper provide a Statistician (a Forecaster) with quantitative estimates
of the guaranteed upper risk, with the risk instability coefficient and with the -admissible (critical) distortion
level for the «plug-in» statistical forecasting of time series under some typical distortions of the underlying
hypothetical models, i.e. trend, regression and autoregressive models. These estimates reveal the influence
of distortions on the risk, indicate the risk limits of the safe forecasting by traditional algorithms under
distortions, and outline approaches to the robustification of forecasting procedures.

Some new minimax risk-robust forecasting statistics are constructed and compared to the traditional
forecasting algorithms.

The theoretical results have been tested on simulated data, on real statistical data and applied in the de-
velopment of the software package ROSTATFOR (Robust Statistical Forecasting) in the Belarusian State
University.

The results are applied in statistical forecasting of macroeconomic time series, spatio-temporal proces-
ses [20] and in information protection [21].
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