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PASPEHINMBIE CIIYYAU JJIS YIIPOILIEHHBIX CUCTEM B 3AJJAYE
ABUKEHUSA YETBIPEX YACTHUIL B IVIOCKOCTH

PaccmoTpena cucteMa, ONMHCHIBAIOIIAS IBHKEHHE YETHIPEX YAaCTHI] B IIOCKOCTH. C MOMOIIBIO 3JIEMEHTApPHBIX aJIreOpandecKux
IIpeoOpa3oBaHHil YCTAaHOBJIEHBI YIIPOIIEHHBIE CHCTEMBI, COCTOSIINE U3 HETMHEHHBIX Au(depeHIaIbHbIX YpaBHEHHH, KaKI0€ U3 KO-
TOPBIX UMEET BTOPOH NOPSJOK.

Haiinens! HaGOpBI KOHCTAHT MEKYACTHIHOTO B3aUMOJCHCTBHUS B IBYX CIydasiX HCCIEIyeMOH 3aJa4ui B ITIOCKOCTH, PH KOTOPBIX
o0lI1ee pemeHne MOYKHO 3aIMCcaTh B 3aMKHYTOM (ZJOBOJIBHO IIPOCTOM) BHJIE.

[Nomyueno 26 HeTMHEHHBIX AaBTOHOMHBIX JU((epeHIIHANBHBIX YPaBHEHUI IEPBOTO TTOPsIIKa OTHOCUTEIIHLHO OXHON U3 KOMIOHEHT
CHCTEMBI, 001IIee PEIICHNE KOTOPBIX SIBISIETCS LEIIBIM (T. €. 9TH 0OBIKHOBEHHBIE qu((epeHIaNbHbIe ypaBHSHNS 001a1al0T CBOHCTBOM
[ennese), a Takxe 46 HENMMHEHHBIX aBTOHOMHBIX AU depeHnnaabHbIX YpaBHEHHH IIepBOro Mopsijika, odIiee pernieHne KOTOpBIX Co-
JIEPIKHT JIorapudM, a 3HAUNT, JaHHBIE YPaBHEHHS HE SBIIOTCS ypaBHEHHsIMH THna [leHese.

YeraHOBIIEHB! HEOOXOIMMBIC W JIOCTaTOYHbIC YCIOBUS HalM4Ms cBolicTBa [IeHieBe y mccinemyeMoil CHCTeMBI, BBIAEISIONIe 26
CJIy4aeB B 3aa4e YeThIPEX YaCTHUI B INIOCKOCTH, IPH KOTOPBIX BO3MOXKHO OIHCAHUE TPACKTOPUI JIBUKCHHUS IaHHBIX YaCTHUII.

[NomyuenHble pe3ynbTaThl MOTYT OBITH IPUMEHEHBI B aHATMTHIECKOI TeopuH audepeHnnanbHEIX ypaBHeHUH, a TakKe B UCCIle-
JIOBaHUSIX MPOOJIEMBI MHOTHX TelL.

Knroueswie cnosa: nrxenne YETBIPEX TEJI; KOHCTAHTa BSaHMOHeﬁCTBH}I; CBOMCTBO HCHJ’IeBe; YHIpoIuICHHasA CUCTEMA.

In the main part consider a system describing the motion of the four bodies in the plane. By elementary algebraic manipulations
installed simplified systems, consisting of non-linear differential equations, each of which has a second order.

Get a set of constants of the interparticle interaction in the two cases the problem under investigation in the plane, in which the
general solution can be written in a closed (rather simple) form.

Obtained 26 nonlinear autonomous differential equations of first order with respect to one of the components of the system,
the general solution of which is an integer, i. e. these ordinary differential equations possess the Painlevé property, as well as 46
autonomous nonlinear first order differential equations, the general solution which contains a logarithm, and therefore, these equations
are not the equations of Painlevé type.

Establish necessary and sufficient conditions for the existence of the Painlevé property in studied system, releasing 26 cases in the
four-particle in the plane in which the description of the possible trajectories of the particles.

The results can be applied in the analytical theory differential equations, as well as in studies of many-body problem.

Key words: four-body’s motion; interaction constant; Painlevé property; the simplified system.

MaremaTrueckasi MOJIC/b ABMXKEHHUS /N TeJl B TNIOCKOCTH €CTh CUCTEMa, COCTOsIast U3 N 0OBIKHOBEHHBIX
MU depeHIuaNbHBIX ypaBHEHUH [ 1]

m=N g'gf

< :22 a,, —"— n=1,..,N. (1)
m=1 Qn —Gm
m#n

3aBUCHMBIE NIEPEMEHHBIE G, =G, (T) ABIAIOTCA KOMIUIEKCHBIMU. KOHCTaHTBI B3aMMOAEHCTBUSA a,,, allpHOPH
IIPOU3BOJIBbHBL, 33 UCKIIFOUEHUEM TPeOOBaHUs CUMMETPUU a,,,, = d,,,.

WnTepec k uccnenoBanuio cucteMsl (1) BbI3BAI CleMyrONMi (HaKT: MPH OTOXKJECTBICHUH KOMIUIEKCHON
G-IUTOCKOCTH C (PM3MUYECKOH TNIOCKOCTBIO U ITPH PACCMOTPEHUH BEIIECTBEHHON MEPEMEHHON T (MHTEPIIPETH-
pyeMoii kKak «(pHu3udeckoe BpeMs») ABHKEHHE N TOUYEK G, ONPEesieTCs pelIeHHeM IUIOCKOi 3aja4u MHOTHX
TeJ, OINMCHIBAEMOM HBIOTOHOBCKMMH YPAaBHEHUSMHU JIBKEHHS C MHTEPECHBIM CBONCTBOM IMEPHOAMYHOCTH
(a ©MEHHO, Cpeu TaKUX pelIeHUil 3a/jaul MHOTUX TeJl IMEETCS MHOTO PEIIEHHUH C IMOJHOCThIO MEPUOIuYe-
CKHMMHU TpaekTopusmi [2]).

HecmoTtpst Ha KaKynIyrocst MpocToTy (HopMyll, aHATUTHIESCKOTO pEIlIeHHs JaHHON 3aa4u B 00IIeM BHJIE
st N > 3 11oka He HaiiaeHo.

B nacrosmei cratebe paccmarpuBaeTcs II0ocKas Kjaccudeckass HbIOTOHOBCKAs 3a1a4a O JABMKEHUH YEThI-
pex Ter.

W3 (1) BuanO, uTO 1ICHTp Macc [2]

Z=2(v),

Z:€1+€2:€3+€4

ABUIKCTCS paBHOMCPHO:
Z"=0, Z(t)=Z(0)+ Z'(0)yt = Z(0) + V.
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TTonoxum

A, =0y =a, a3 =03 =¢, ay=a, =d,
ay=ay=b, ayy=a, =e, ayy=a;=f.

Cy1iecTByeT TakKe UHTerpan ABuxenus [3]:

rr

K =¢1chchch(G —6,) (65— 63) 7" (63 =617 (G4 =)™ (65 —64) ™ (3 —64) ™.

Beengem 3aMCHY NICPCMCHHBIX:
u :gn _25 n:13253’4’

n

TOT/IA BBITIOJHACTCS YCIOBUE Uy + U, + Uy +u, = 0.
st ymo6cTBa 0003HAYCHUH TTOTOXKIM

U =X, Uy=Y, Uy =2, Uy=—X—)—Z.
C moMoIIbI0 HECIIOKHBIX anreOpandeckux NpeoOdpa3oBaHUil MOKHO TENeph 3alucaTh YpaBHEHHs IBUKE-
Hus (1) mpu N =4 u unTerpain ABuwxeHus K B HOBBIX IEPEMEHHBIX X, V), Z:

22 CFNOHY) L GHVIEHY) ) GHV)E+y+2-)
x-y x—z 2x+y+z

G 2a TGV o GAVIERY) ) GHV)E+y+2-V) o
x-y y-z x+2y+z

Z=—2c(x+V)(Z+V)—2b(y+V)(Z+V)—2f(Z+V)(x+y+Z_V);
r-z y—z xX+y+2z

K=G+V)G+V)E+V)E+y+2-V)x-p)*(y-2)*" x
x(z=x)Qx+y+2)2 (x+2y+2)*(x+ y +22),

e x=x(t); y=y(t); z=2z(t); t=1—1y; V' =2'(0); K =const.
Paccmorpum g depeHIMaNbHY 0 CHCTEMY IIECTOTO TOPSIIKA

PR < _2dx(x+z),
xX—z 2x+z
8OV L G E L G PED) 3
X z X+z
PR _zfz(x+z)’
xX—z xX+2z

KOTOpasi sIBJSETCS] MHBAPHAHTHOM NP 3aMeHe NepeMeHHbIX (¢, x, V, z) — (&, x, €y, z), € = 0, € — mapamerp,
a 3HAYUT, YIPOLICHHOW AT (2).
[lepenuceiBas BTopoe ypaBHEHHE CUCTEMBI (3) B BUE

R PRI YR Pl
y+V X z xX+z
U UHTErpUpPYs, MOIy4aem
y=Ax 2 (x+2) -V, 4)

rae A — MOCTOSIHHAsI HHTETPUPOBAHUS.
Paccmotpum Tenepsb mepBoe U TPEThE YpaBHEHUSI CUCTEMBI (3):

fone X2 _2dx(x+z)’

X—z 2x+z (5)
PR _2fz(x+z)'

xX—z xX+2z

3uauenus

21010 |-=2]-=2]- 0 0 | -1 |-3/2|-32| 0 |-3/2|-32| 0 0 |[-1/2|-12| -1 0 0
210]|-1] 0 | =21]-=2]- 0 (32| 0 |-3/2{-12| 0 |-3/2|-1/2|-32] 0 0 | -1 0
e| 0 0|-=21]01]-1 O |-1]-=21|-=2 0 [-3/2|-32| 0 |-1/2|-12{-3/2| 0 |32 O 0 | -1
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Cuctema (5) ABISIETCS YIPOIICHHOW 11 CUCTEMBI IBYX TU(P(EePEHIIHATBLHBIX YPABHEHUH, OMMCHIBAIOIIINX
JIBIOKCHHUE TPEX TEJ B IIOCKOCTH. McciaeIoBaHUsIM CUCTEM TaKOTO THIIA MOCBAIICHBI paboThl [2], [3], B KoTO-
PBIX MOTYYIECHBI HEOOXOIMMBIC YCIOBHUS TSI CYIIIECTBOBAHUS MEPOMOP(MHBIX PEIICHUN Y UCCIETYEMOM CUCTE-
Mbl. [IpuBeIeM UX B BUJIE CICTYIOMICH JIEMMBI.

Jlemma. /[n1s1 moeo umobwul ece pewenus (1) aensnuce mepomoppuvimu yukyusmu om t, HeobX00uMo,
umobwi éce nokasamenu I',y,,B,,n=1,6, onpedensemvie uepez koncmanmol a, b, c, d, e, f'c nomowpio coom-
HOWleHul

2 1
= s Vn = . By =—2a
2+a+b+c+d+e+ f l+a

n

n’

20e
3 1
a, € —2,—5,—1,—5,0 s ay=a; a,=b; ay=c; a,=d; a;=e; ag=f,

NPUHUMATY YeNOYUCTIEHHbIE UAU DECKOHEeUHbIE 3HAUEHUSL.
B paGote [2] B cOOTBETCTBUM € BBILICTIPUBEACHHON JIEMMOH BbiJiesieHO 11 HaOOpoB 3HAYEHUI KOHCTAHT

B3aMMOJIEHCTBUS, IIPU KOTOPBIX COOTBETCTBYIOIIME UM CHCTEMBI 00J1a/1at0T cBoiicTBoM Ilennese. MutepecHo

1
PaccMOTpETh 3HAYEHUS KOHCTAHT B3aUMOIENCTBHS ¢ =d = 5 J =0, xoTopble He ObLIM HCCIIEN0BaHbI B [2].

1
Iycte c=d = — f =0, torna cucrema (5) UMeET BU]L

Xz x(x+z
AN Ch )]

¥=- 5 ,
X—Zz X+z
(6)
. Xz
z =
X—Z
C IIEPBBIM UHTEIPAIIOM
Xz(x+2)

T —2)2x+2)

Henocpeacteennoi moncTanoBKoi cooTHomeHui B (6) yoekaaeMcsi, 4To JaHHasi CHCTeMa UMeeT ol1ee pe-
LICHUE BUA

w=-Kp + Mt* + Myt + M,
’ ™

K
zzgﬁ + Lt + L,

Ihe t =1 —71, Ty, K, L, L; — IpOU3BOJILHBIE NOCTOSHHBIE; BENMINUHEI M|, M,, M onpenieiensl COOTHOIECHUAMHI

3L.K? 3L.K
= heMy== = My =L (®)

1 1

M, =

1 .
W3 nemmbl u paBeHCTB (7) ciemnyet, 4To Uit Hajauuus y cuctemsl (3) mpu c=d 2_5’ f =0 cBoiicTBa

[TenneBe HeoOXOAMMO, YTOOBI a, b, ¢ IPUHUMAJIH OJHO U3 3HAYCHUH, IPUBEICHHBIX B Ta0II. 1.

PaccmoTrpum Tenepb BTOpoe ypaBHEHHE CUCTEMEI (3), KOTOpoe, KaK paHee ObLIO TIOKa3aHO, MOKET OBITh
3ammcaHo B Buzue (4).

B coorBeTcTBUM ¢ Tabn. 1 HEMOCPECTBEHHON MOICTAHOBKOHM 3HAYSHHII KOHCTAHT B3aUMOICHCTBUSA a, b, e
B ypaBHeHHe (4) MOXKHO 3anucarb 41 npocteiiniee nudpepeHnnansioe ypapaenue. [pu atom QyHKInM x v z
orpeneseHsl paBeHcTBaMH (7).

Tabnuma 1
Koucrant d, b, e
-1 -1 0 |-12(-12| 0 |-1/2| 0O 0 |[-12] 0 |=1/2|-12] -1 -1 -1 0 [-32] 0 0
-12| 0 -1 -1 0 |-121 0 (=172 O |-172({-1/2] O |-12]| -1 -1 0 -1 0 |-32] 0
0 [-1/2|-122| O -1 | -1 0 0 [-1/2] 0 [-1/2|-1/2|-12| -1 0 -1 | -1 0 0 |32
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3ameTuM, 4TO OOBIKHOBEHHBIC MU (hepeHIIMATbHBIC YPAaBHEHHS IEPBOTO MOPSAKA, COCTABICHHBIC /IS Ha-
OOpOB 3HAYCHHM, COOTBETCTBYIOIMNX HOMepaM ctonoroB 1, 3, 5,9, 11, 14, 18, 19, 21, 23, 26, 28, 30, 32, 37,
39, 41 u3 tadn. 1, Oynyt obnanars cBoiictBoM [lenneBe. B ocTaibHBIX Ciydasx MPU UHTETPUPOBAHUU Y Pellie-
HUI MOSIBIISIFOTCS TIOJIBUYKHBIC TPAHCIICHICHTHBIE 0COOEHHOCTH. [IpOMIITIOCTpUpYEM 3TO Ha pUMeEpe.

IMpumep 1. /s Habopa 3HaYeHMT KOHCTAHT B3anMoneictsus a =—1, b =0, e =0 (c16. 19, Tabm. 1) ypas-
HeHue (4) uMeeT BU

y=Ax*—V. 9)
OyHKIUS X onpeaeneHa paBeHCTBOM (7).
WnTerpupoBanue ypaBuenus (9) naer

2
_ART —éKM1t6 + —%KM2 +éM12jt5 +(—éKM3 +4MlM2 t*+
63 9 15 5 6 2

y
(10)

+E%M1M3 +§M22jt3 + AM,M;t* +(AM; -V )t + B,

rine A, B — Ipou3BOJIbHBIE TIOCTOSIHHBIE.
1
Takum obpazom, pu a=-1, b=0, c=d=——, e= f =0 cucrema (3) umeer obmee pemenue (7), (10),

rae t =1 — 1, Ty K, L,, Ly, A, B — Ipou3BOJbHbIE IOCTOSHHBIE, @ BeIMUUHbL M,, M,, M, olpeleneHsl cooT-
HOIICHHUSIMHU (8).

AHaJIOrHYHBIM 00Pa30M HAXOJMM PELICHHE JIJIsl HAOOPOB KOHCTAHT (CcM. Tabi. 1) u3 cronbuos 1,3, 5,9, 11,
14, 18, 21, 23, 26, 28, 30, 32, 37, 39, 41.

Jiis ocTanbHBIX HA0OPOB 3HAYEHUM KOHCTAHT B3aUMOJICHCTBUSI COOTBETCTBYIOIINE UM CUCTEMbI HE 001a-
narot ceoiictBoM Ileniese.

1
Mpumep 2. /s HaOopa 3HaueHHi KOHCTaHT B3ammogueiicteus a=0, b=0, ez—z (ct6. 29, Tabm. 1)

ypaBHeHue (4) mpuUMeT BUJI
A
y==-V. (11)
z
Oynkuus z onpexenexa paseHcTsoM (7). Ilycts o, a,, oy — kopHu nosimHOMa z u3 (7). Toraa, uaTErpUpyst

ypaHenwue (11), Haxogum
y=6A4BIn(t—0,)+6ACIn(t—o,)dt + 6ADIn(t —o;) -Vt + E,

rne 4, B, C, D, E, V—1pou3BoiibHble IOCTOsIHHBIE. OTCIOAA CIEAYET, YTO O, O.,, O3 — TPAHCLICHJCHTHBIE TOUKHU,

1
a 3HauuT, ypaBHeHue (11) He odnanaer cBoiictBom [lennese. CienoBarenbho, ipu a=b=0, c=d=e= —
f=0 cucrema (3) He obnanaeT cBoiicTBoM llenHnene.

AHaJIOrMYHBIM 00pPa30M HAXOJUM, UTO JUIsi HAOOPOB KOHCTAHT (cM. Tabi. 1) u3 crosduos 2, 4, 6, 7, 8, 10,
12, 13, 15, 16, 17, 20, 22, 24, 25, 27, 31, 33, 34, 35, 36, 38, 40 COOTBETCTBYIOIINE UM CUCTEMBI HE 00JIaAt0T
cBoiicTBoM [leHnene.

Takum 00pa3oM, cripaBeinBa Teopema.

Teopema. Eciu c=d = _E’ f =0, a koncmanmer a, b, e npunumarom ooHo u3 snavenuti maou. 2, mo cucme-

ma (3) obrnaoaem ceoticmeom llennese.

Tabnuma 2
HaGops! 3HaYeHHIi KOHCTAHT B3auMojaeiicTBuA a, b, e
-2 0 -2 -1 | =32 |32 |-12| -1 0 -1 | =172 | -12 0 -12 | -1 | =32 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
e 0 -2 -1 =2 | =32 | -1/2 | =32 0 -1 | =12 ] -1 0 =12 | =12 | -1 0 -3/2

Pabora BhImoNHEHa Npu (HUHAHCOBOW monepxkke benopycckoro pecnyonukanckoro ¢pouaa GpyHIamMeH-
TaJbHBIX UccienoBanuil (rpant Ne ®14M-148).
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