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The mechanism of multiwave mixing realized in solutions of complex organic compounds (dyes), in
conditions when higher-order nonlinearities are exhibited along with the cubic one, has been analyzed
theoretically and tested experimentally. Nonlinear recording of dynamic holograms enables significant
improvement of the potentialities of holographic methods used for image conversion due to switching
from phase conjugation to smoothing and amplification of the wavefront spatial structure. It has been
demonstrated that a nonstationary energy exchange between the interacting waves is the cause for
transition from the optical bistability mode to the mode of intensity self-oscillations.
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1 Introduction

Extended potentialities of the diffraction meth-
ods for light wave transformation of laser radia-
tion are determined by nonlinear recording of dy-
namic holograms, enabling multiwave mixing in
media characterized by the fifth and higher-order
nonlinearities. In a variety of such media, higher-
order nonlinearities in resonant media are con-
ditioned by the absorption saturation effect and
transitions between different excited states of the
molecules. Owing to the nonlinear relationship
between a light-induced change in the refractive
index of a resonant medium and the intensity,
the groove profile of a holographic grating be-
comes distorted and ceases to be sinusoidal. The
diffraction characteristics of such dynamic struc-
tures may be analyzed using Fourier expansion of
phase and amplitude response of the medium in

spatial harmonics of the grating [1]. Scattering
at varying harmonics of the grating determines
the second or higher-order diffraction. The grat-
ing’s angular selectivity for volume dynamic holo-
grams permits independent reconstructing of the
waves diffracted into different orders, through a
change in the propagation direction of the reading
wave. In Bragg mode the reading beam guided
at an angle that is associated with the M-th -
order diffraction will be scattered from the cor-
responding spatial harmonic of the grating. In
the process, diffracted wave ED is determined by
nonlinear polarization P = χ(N−1)(E1E

∗
S)ME2

(M is the diffraction order), and N-wave mix-
ing (N = 2(M + 1)) for the th - order nonlin-
earity takes place. The propagation direction
of the diffracted wave ED is determined from
the phase synchronism condition for wave vectors
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~kD = M~k1 −M~kS + ~k2 [2]. And the light beams
diffracted from different components of the dy-
namic grating are distinguished not only by the
propagation direction, but also by the wavefront
spatial structure. Optimizing the conditions of
a multiwave mixing allows for essentially nonlin-
ear character of the energy exchange between the
interacting waves and realization of optical mul-
tistability [3]. Multistable states of light fields
differ both in the intensity of the diffracted wave
and spatial distribution of the intensity for all
waves within the nonlinear medium volume.

In the present work a theoretical model for
nonlinear recording of dynamic holograms in
complex molecular media has been developed and
a mechanism of light field conversion upon multi-
wave mixing has been analyzed. The conditions
for realization of effective energy exchange be-
tween the light beams have been established and
different transitions to the mode of intensity self-
oscillations have been studied.

2 A theory of multiwave mixing

in resonant media

A light-induced change in the optical properties
of resonant media within the interference field of
interacting waves results in recording of dynamic
diffraction gratings (holograms). Their forma-
tion may be due to changing of the refractive in-
dex and absorption coefficient on transition of the
molecules to higher states and also due to thermal
nonlinearity caused by heating of the medium.
Along with transitions in the principal channel,
transitions between the excited singlet and triplet
molecular states may contribute considerably to
a light-induced change of the optical properties.
As it takes place, the light-induced response of
a resonant medium may be characterized by a

complex dependence on the intensity causing ex-
hibition of higher-order nonlinearities. The ex-
periments conducted with the use of gases [4-6],
semiconductor glasses [7-10], dyes [10] as nonlin-
ear media support the possibility for realization of
multiwave mixing in the form of continuous laser
radiation and nano- or picosecond pulses as well.
To give an adequate theoretical description for
the process of coherent light - wave interaction in
the above-mentioned cases, one should take into
consideration the second and higher-order com-
ponents in series expansion of the nonlinear sus-
ceptibility in harmonics of the dynamic grating
recorded by interacting waves within the medium
volume.

To analyze expansion of the medium suscepti-
bility in grating harmonics, first we represent the
nonlinear susceptibility as a power series of the
light field intensity

χnl = χ(3)E2
Σ + χ(5)E4

Σ + χ(7)E6
Σ + ....., (1)

where E2
Σ = (8π/cn0)I0(1+γ cos(

→
K ~r)) is the to-

tal field of interfering waves,
→
K is a wave vector of

the grating, I0 is an average field intensity within
the medium, γ is a modulation depth of the in-
tensity, n0 is the non-resonant component of the
refractive index. Using the binomial formula ex-
pansion, we represent the nonlinear susceptibility
as

χnl =
∞∑

m=1

χ(2m+1)(8πI0/cn0)m

×
∞∑

m=1

Ck
mγk cosk(

→
K ~r), (2)

where Ck
m = m!/k!(m − k)! are binomial coef-

ficients. Then the components of the nonlinear
susceptibility Fourier-series expansion in spatial
harmonics of the grating
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χm =
1
2π

∫ π

−π
χnl exp[−im(

→
K ·~r)]d(

→
K ·~r), (3)

may be written as follows:

χ1 = γχ(3)I0 + 2γχ(5)I2
0 + 3γ(1 + γ2/4)χ(7)I3

0

+ 4γ(1 + 3γ2/4)χ(9)I4
0 + ...,

χ2 = (γ2/2)χ(5)I2
0 + (3γ2/2)χ(7)I3

0

+ 3γ2(1 + γ2/6)χ(9)I4
0 + ..., (4)

χ3 = (γ3/4)χ(7)I3
0 + γ3χ(9)I4

0 + . . . ,

Each member of the Fourier series describing
the grating and hence the diffraction efficiency of
dynamic holograms is determined by different or-
ders of nonlinear susceptibility. Considering that
expansion of the nonlinear susceptibility into a
series in powers of the field (1) holds true for
small values of optical nonlinearities when each
nonlinearity is significantly lower in value than
the preceding one, the main contribution into ex-
pression (4) is made by the first members of the
series. Such a situation is true for e.g. a two-level
medium model at intensities below the satura-
tion intensity of a resonance transition. In these
conditions the diffraction efficiency into the M -th
order may be unambiguously related to nonlinear
susceptibility χ(2M+1), and independent measure-
ments may be performed for each order of non-
linear susceptibility.

Further analysis will be performed for a three-
level model of a resonant medium with due regard
for radiative and nonradiative transitions in the
principal and excited singlet channels (S0−S1 and
S1 − S2). Considering that experimental inten-
sity of the interacting waves is, as a rule, appre-
ciably lower than the saturation intensity in the
excited channel, analysis is performed including

saturation of the principal resonance transition
but for linear absorption from the excited level.
Using the solution for a system of kinetic equa-
tions describing the level populations and disper-
sion relations relating changes in the refractive
index and absorption coefficient, we represent the
overall nonlinear (resonance and thermal) suscep-
tibility of the medium as [11]

χnl =
n0κ0

2π

(
θ̂12

B12
− α̂I + bT I2

1 + JI

)
, (5)

where

α̂ =
(θ̂12 + θ̂21 − θ̂23)

vP21
− σT (1− µ21)

bT = σT
B23

vP21
(1− µ32)

J =
B12 + B21

vP21

B12(ω) are the Einstein coefficients for stimu-
lated transition i − j ; v is the speed of light in
the medium; Pij is a total probability of spon-
taneous and nonradiative transitions in i − j

channel; θ̂ij(ω) = θij(ω) + iBij(ω) (coefficients
θij(ω) are related by Kramers-Kronig relations

θij(ω) = 1
π

+∞∫
−∞

Bij(ω
′)

ω′−ω to Einstein’s coefficients

Bij(ω)), σT = 2ω(dn/dT )tpulse/cCρ, tpulse is the
interaction time, Cρ is the unit volume heat ca-
pacity, dn/dT is a thermooptic coefficient, µij lu-
minescence quantum efficiency in i − j channel,
κ0 is a linear extinction coefficient.

A theoretical description of the multiwave mix-
ing process is based on the approximation for
slowly varying amplitudes making it possible to
write a system of reduced wave equations for the
interacting light fields [12]

∂E1,S

∂z
=

i2πω

cn0
[χ0 (ω) E1,S + χ±1 (ω) ES,1] , (6)
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∂E2,D

∂z
= − i2πω

cn0
[χ0 (ω) E2,D + χ∓M (ω) ED,2] .

(7)
where χm are the Fourier series expansion com-
ponents of nonlinear susceptibility determined by
relation (3). Proceeding from (5), Fourier series
expansion components of χm may bee represented
as

χ0(ω) =
n0κ0

2π

(
θ̂12

B12
+

bT

J
IΣ

+
(
α̂/J + bt/J2

) 1−A0

A0

)
, (8)

χ±1(ω) =
n0κ0

2π

(
bt

J

√
I1IS −

(
α̂/J + bT /J2

)

× 2J
√

I1IS

A0 (1 + JIΣ + A0)

)
exp [±i (ϕ1 − ϕS)] , (9)

χ±2(ω) =
n0κ0

2π

4 (α̂J + bT ) I1IS

A0 (1 + JIΣ + A0)
2

× exp [±i2 (ϕ1 − ϕS)] , (10)

.......................................................

χ±1(ω) =
n0κ0

2π

(α̂J + bT /J)
(−2J

√
I1IS

)M

JA0 (1 + JIΣ + A0)
M

× exp [±iM (ϕ1 − ϕS)] , (11)

where A0 =
(
(1 + JIΣ)2 − 4J2I1IS

)1/2
, IΣ =

I1 + I2 + IS + ID (approximation of a weak
diffracted wave ID ¿ I1, I2, IS).

The results obtained from numerical analysis
of the energy efficiency of multiwave mixing are
given in Fig. 1, where the diffraction efficiency

ξ = ID(r = 0)/I2(r = L) is presented as a func-
tion of the intensity of hologram recording waves
that is normalized to the saturation intensity of
the principal resonance transition Isat = J−1.
The calculations have been based on (a) four-
and (b) six-wave mixing with regard both to pure
resonance and combined (resonance and ther-
mal) nonlinearities, for the parameters associated
with single-pulse excitation conditions in complex
molecular media: tpulse = 20 ns, n0 = 1.36,
(dn/dT )C−1

ρ = −10−4J−1 cm3, λ = 0.5µm,
∆λ = 25 nm, (λ and ∆λ represent the center
and halfwidth of the absorption band), µ21 = 0.5,
µ32 = 0.005 (luminescence quantum yields). As
seen, in both cases a maximum of the diffrac-
tion efficiency is observed at intensities in the
neighborhood of the saturation intensity of a res-
onance transition. And involvement of thermal
nonlinearity (dashed line) has practically no ef-
fect on the efficiency of six-wave mixing (dashed
and solid lines in Fig.1b are almost coincident)
whereas the efficiency of four-wave mixing in-
creases considerably at the intensities above the
saturation one. This is also confirmed by analysis
of expressions (8) - (10). Thermal nonlinearity in-
troduces additional terms to the expressions for
the zero- and first-order expansion components
and affects only the factor in case of the second-
order diffraction.

3 Experimental

Experimental study of the efficiency of multi-
wave mixing has been conducted with Rhodamine
6G solution in ethanol and YAG laser second-
harmonic radiation (λ = 532 nm, tpulse = 20 ns)
falling into S0 − S1 absorption band of the dye.
The selected diffraction scheme was associated
with Bragg mode and the signal and reference
waves propagating in the same direction (Fig.
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FIG. 1. Diffraction efficiency ξ as a function of the
hologram recording waves for (a) four- and (b) six-
wave mixing with regard to (1) resonance only or (2)
combined (resonance and thermal) nonlinearities.

2). Signal wave ES and reference wave E1 were
formed by mirrors 3, 7 and 8. Reading wave was
directed into the nonlinear medium by mirror 4.
This mirror was movable allowing for variation of
the reading angle. An angle (α = 90 mrad ) be-

tween the propagation directions of the reference
and signal waves provided overlapping of the in-
teracting waves over the whole length of the dye
cell. The energy efficiency of multiwave mixing ξ

has been measured by a recording system 6, 9.

6
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6 9

5

431 2

E1

ES

ED
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FIG. 2. Experimental setup: (1) laser; (2) diaphragm;
(3, 4, 7, 8) mirrors; (5) cell with dye solution; (6, 9)
measuring system.

Fig. 3 presents the dynamic hologram diffrac-
tion efficiency ξ as a function of angle β formed
by the propagating waves E2 (reading) and E1

(reference). Two maxima appearing in the fig-
ure are due to the fact that 1) for the counter-
propagating reading wave (β = 0 ) wavefront
conversion is realized at four-wave mixing, when
the polarization giving rise to ED wave is of the
form P ∼ χ(3)E1E2E

∗
S (phase synchronism con-

dition ~kD = ~k1 − ~kS + ~k2), and 2) β ≈ α/2
is associated with a phase synchronism condi-
tion ~kD = ~k1 − ~kS + ~k2 for six-wave mixing
(P ∼ χ(5)(E1E2)2E∗

S).
Fig. 4 gives the diffraction efficiency ξ as a

function of the intensity of hologram recording
waves for both mixing types together with the in-
tensity dependence of optical thickness of the dye
solution. It is seen that in accordance with the
above theoretical analysis, a maximum efficiency
of six-wave mixing is realized at the intensities
close to the saturation one. In case of four-wave
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FIG. 3. Diffraction efficiency as a function of the
reading-wave incidence angle β, for the following con-
figurations: I2 = 2I1 = 4IS =2 MWcm−2 (1), I2 =
2I1 = 2IS =2 MWcm−2 (2), (the diffraction efficiency
values for curve 2 are given with 10-fold increase).

mixing a considerable growth in the diffraction
efficiency is observed at the intensities above the
saturation one, due to thermal nonlinearity on
absorption from the energy level.

It should be noted that the light beams
diffracted from different spatial components of
the dynamic grating in the process of four- and
six-wave mixing are distinguished not only by
the propagation direction but also by the wave-
front spatial structure. Higher order diffraction
results in greater phase distortions (a phase of a
diffracted wave is a multiple of the phase of the
signal one, i.e. ϕD = −MϕS) and corresponding
change in dimensions of the reconstructed image.

4 Optical bistability

Apart from thermal nonlinearity, a significant in-
crease in the efficiency of muliwave mixing may
be expected for recording of resonance dynamic
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FIG. 4. Diffraction efficiency ξ as a function of the in-
tensity of hologram recording waves for (a) four- and
(b) six-wave mixing and (c) optical thickness of a non-
linear layer versus the laser radiation intensity.

phase gratings at a frequency tuned away from
the absorption profile center [13]. Owing to op-
timization of the conditions of multiwave mix-
ing, the efficiency of energy exchange between
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the interacting waves may be improved. As it
take place, intensities of the signal and diffracted
waves are growing within the medium volume and
become comparable to those of the reference and
reading waves, making the energy exchange be-
tween the waves essentially nonlinear in charac-
ter. In the process optical multistability may be
exhibited in case when the same boundary con-
ditions are responsible for realization of different
stationary states. And multistability may be con-
sidered proceeding from classical conditions for
observation of optical bistability and hysteresis
[14]. The parametric feedback upon multiwave
mixing is achieved through rescattering of the
waves from the dynamic gratings formed by these
waves within the volume of a nonlinear medium.
Such a distributed feedback acts as mirrors, sim-
ilar to the well-known patterns for realization of
optical bistability in Fabry-Perot interferometer
[15].

Fig. 5 represents characteristic bistable func-
tions for the mode of four-wave mixing at a fre-
quency tuned away from the absorption band cen-
ter at varying intensities of the signal and refer-
ence waves incoming into the nonlinear medium.
As seen, a bistable region is located near the sat-
uration intensity and is greatly dependent on the
ratio of input intensities. To realize optical bista-
bility, intensity of the reference wave should be
in excess of the signal wave intensity by the or-
der of magnitude and more. In this case each
of the bistable states is associated with its own
spatial distribution of the intensities and phases
characteristic for the waves interacting within
the medium volume. An analysis for stability
of the stationary solutions performed by varying
the boundary conditions has demonstrated that
an intermediate solution corresponding to the up-
per portion of the circular region is unstable. At
small deviations of the intensities of interacting

waves at the entrance to the medium, a system
was switching from unstable state to one of the
stable states associated with maximum or mini-
mum diffraction efficiency. The dynamics of mul-
tiwave mixing is treated in greater detail in sub-
sequent sections based on a nonstationary model
of the interaction.
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FIG. 5. Diffraction efficiency ξ as a function of the
intensities of reference and reading waves (I1(z = 0) =
I2(z = L) = I0) with intensity detuning and the signal
wave intensity IS(z = 0)/I0 =10−1 (a), 10−2 (b), 10−4

(c).

5 Dynamic interaction modes

To describe the formation dynamics of diffrac-
tion structures in resonant media, we again use
Fourier series expansion of the nonlinear suscep-
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tibility in harmonics of the dynamic gratings, and
interaction of the light fields may be defined by
equations (6), (7). A nonstationary character of
the interaction may be included by the use of a
classical kinetic equation for the population of the
excited energy level.

In this approach it is advantageous to use the
representation of nonlinear medium susceptibil-
ity χnonlin = n0∆n/2π relating its value to the
number of molecules passing to the excited state

χnl =
~n2

0

2π
NΣ

(
θ̂12 − N

NΣ
(θ̂12 + θ̂21)

)
, (12)

where NΣ - is the number of molecules in the
unit volume, N/NΣ - portion of molecules in the
excited state.

In the approximation of a two-level medium
model the kinetic equation for the population of
the excited level is of the form

∂N

∂t
= NΣB12I/v −N((B12 + B21)I/v + P21).

(13)
Considering that I is characterized by a pe-

riodic redistribution within the medium volume,
we perform spatial series expansion (similar to
nonlinear susceptibility) of the population at the
excited level within a resonant medium in har-
monics of the grating

N =
∞∑

m=−∞
Nm exp[im(

→
K ·~r)], (14)

where

Nm =
1
2π

∫ π

−π
N exp[−im(

→
K ·~r)]d(

→
K ·~r).

Kinetic equation (13) is transformed by the use
of expansion (14) into an infinite system of dif-
ferential equations for the associated expansion
components in the following way:

∂N0

∂τ
= NΣα1IΣ−N0(1+αIΣ)−N1αS−N∗

1 αS∗,

∂N1

∂τ
= NΣα1S

∗−N0αS∗−N1(1+αIΣ)−N2αS,

∂N2

∂τ
= −N1αS∗ −N2(1 + αIΣ)−N3αS, (15)

............................

∂Nm

∂τ
= −Nm−1αS∗ −Nm(1 + αIΣ)−Nm+1αS,

............................

where τ = t∗P21 is the interaction period normal-
ized to the characteristic lifetime of the molecules
in the excited state, α1 = B12/vP21 and α =
(B12 + B21)/vP21- coefficients determined by the
spectral characteristics of the medium, IΣ = I1 +
I2 + IS + ID and S =

√
I1IS +

√
I2ID exp(iΦ)

are the total intensity and interference term, Φ =
ϕ1 +ϕ2−ϕS −ϕD is the value of phase detuning
of interacting waves.

It should be noted that the above formu-
lae derived without an approximation of a weak
diffracted wave and are completely describing the
dynamic mixing mode in conditions of a high-
efficiency parametric energy exchange. The prob-
lems associated with the necessity to solve an in-
finite system of differential equations (15) may
be resolved by analysis of the solutions derived
with different number of the components used.
As is seen from a numerical analysis, in practice
the calculations of the diffraction efficiency may
be limited to the second or third-order expansion
component depending on the interaction condi-
tions.
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The results obtained during calculations of the
energy efficiency of four-wave mixing as a func-
tion of time for different intensities of the signal
and reference waves are given in Fig. 6. And the
interaction parameters were the same as in the
above case of stationary interaction (Fig. 5). As
seen, for high intensity of the signal wave (Fig. 6a)
the transition to the stationary value takes a pe-
riod of time that is on the order of the lifetime
of a molecule in the excited state. A nonmono-
tonic character of the transition is observed at
intensities exceeding the saturation intensity cor-
responding to optimum conditions of the interac-
tion.

The efficiency of a parametric energy exchange
between the waves increases considerably as the
intensity of a signal wave incoming into the
medium is decreased, making the intensity of the
diffracted wave at the output practically invari-
able (Fig. 6c).However, a character of the rela-
tionship between the reflection factor and time is
changing. A stationary value of the diffraction ef-
ficiency is reached in steps. Initially the system is
in the intermediate state associated with the up-
per portion of the ring-shaped region (Fig. 5c),
and then a transition to the stationary state cor-
responding to a maximum value of the diffraction
efficiency is realized. A step-wise transition to
the stationary value is in accord with the above
conclusion about instability of the intermediate
solution.

Further decrease in the intensity of the signal
wave results in the essential changing of the dy-
namic behavior. In the interval of parameters
associated with the optical bistability mode (Fig.
5c), transition to the dynamic mode of interaction
allows for realization of the mode of intensity self-
oscillations (Fig. 6c) when the output intensity
oscillations are observed at constant intensities of
the waves incoming into the medium.
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FIG. 6. Diffraction efficiency ξ as a function of the
interaction period with the signal wave intensity
IS(z = 0)/I0 =10−1(a), 10−2 (b), 10−4 (c) and
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intensities of the reference and reading waves
I1(z = 0) = I2(z = L) = I0:
(a) I0/Isat = 1 (1), 2(2), 3 (3);
(b) I0/Isat = 0.3 (1), 0.8 (2), 2 (3), 3.2 (4);

(c) I0/Isat = 0.5(1), 2 (2).

And in the process the intensities are changing
over the range determined by the boundaries of a
bistable region. Varying the input intensities of
light fields, one is enabled to control the ampli-
tude and frequency of the oscillations.

As seen in Fig. 6, in conditions of an efficient
parametric energy exchange the diffraction effi-
ciency and hence the intensity of a diffracted wave
is weakly dependent on the intensity of the signal
wave incoming to the medium. The limiting case
(IS(z = 0) → 0) is related to the mode of para-
metric generation of counter-propagating waves.
Because of this, intensity self-oscillations realized
at low intensities of the signal wave (IS/I1 ¿ 1)
may be characterized as a pulse generation pro-
cess of the counter-propagating waves.

6 Conclusion

Thus, the theoretical and experimental data ob-
tained during analysis of multiwave interaction
in complex molecular media point to the effec-
tive realization of four- and six-wave mixing in
conditions when higher order nonlinearities are
developing. It has been demonstrated that ther-
mal nonlinearity associated with the induced ab-
sorption from the excited level results in a sig-
nificantly improved efficiency of four-wave mix-
ing, whereas six-wave mixing remains practically
unaffected. In case of effective energy exchange
at the dynamic phase gratings for a weak signal
wave, at constant input intensities one can real-
ize the mode of optical bistability transformable

to the dynamic intensity self-oscillations mode of
the interacting waves leaving the medium. As
this takes place, intensity self-oscillations occur
between the highest and lowest stationary values
associated with the region of optical bistability.
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